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LUCA VITAGLIANO 

Abstract. We show that a suitable notion of Dirac-Jacobi structure on a generic line 
bundle L, is provided by Dirac structures in the omni-Lie algebroid of L. Dirac-Jacobi 
structures on line bundles generalize Wade’s £’^(M)-Dirac structures and unify generic 
(i.e. non-necessarily coorientable) precontact distributions, Dirac structures and local 
Lie algebras with one dimensional fibers in the sense of Kirillov (in particular, Jacobi 
structures in the sense of Lichnerowicz). We study the main properties of Dirac-Jacobi 
structures and prove that integrable Dirac-Jacobi structures on line-bundles integrate 
to (non-necessarily coorientable) precontact groupoids. This puts in a conceptual 
framework several results already available in literature for f^(M)-Dirac structures. 
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1. Introduction 

A Dirac structure on a manifold M is a maximal isotropic subbundle of the generalized 
tangent bundle TM(BT*M, whose sections are preserved by the Courant (equivalently, 
the Dorfman) bracket [HI H] • Dirac structures unify presymplectic and Poisson struc¬ 
tures. While every submanifold of a presymplectic manifold is equipped with an induced 
presymplectic structure, not every submanifold of a Poisson manifold is equipped with 
an induced Poisson structure. However, every submanifold of a Poisson manifold is (al¬ 
most everywhere) equipped with a Dirac structure. From the point of view of Hamilton¬ 
ian mechanics, submanifolds in a Poisson manifold are constraints on the phase space. 
Hence Dirac geometry is the right conceptual framework for constrained Hamiltonian 
mechanics on Poisson manifolds. 

In [ID] Wade dehnes £^^(M)-Dirac structures. They play a similar role in precon¬ 
tact/Jacobi geometry as Dirac structures do in presymplectic/Poisson geometry. How¬ 
ever, Wade’s definition does not capture non-coorientable precontact distributions, nor 
local Lie algebras with one dimensional fibers in the sense of Kirillov [22] . Recall that 
a preeontact manifold is a manifold M equipped with a precontact distribution, i.e. an 
hyperplane distribution C. The quotient bundle L := TM/C is a non-necessarily trivial 
line bundle. When L is trivial, C is called eoorientable. A coorientable precontact dis¬ 
tribution can be presented as the kernel of a globally dehned 1-form. Hence coorientable 
precontact distributions are simpler than generic ones and most authors prefer to work 
with the former. However, there are important (pre)contact distributions which are not 
coorientable, e.g. the canonical contact distribution on the manifold of contact elements 
is not. Actually, a large part of the theory of coorientable precontact manifolds can be 
extended to the generic case, after developing a suitable language to deal with generic 
line bundles. 

A similar situation is encountered in Jacobi geometry. A Jacobi manifold in the sense 
of Lichnerowicz [27] can be regarded as a manifold M equipped with a Lie bracket 
on smooth functions which is a first order differential operator in each entry. Now, 
functions on M are sections of the trivial line bundle [Rjvr := dP x IR —)■ M. If we 
take sections of a generic line bundle, instead of functions, we get the notion of a local 
Lie algebra with one dimensional fibers in the sense of Kirillov [22]. Lichnerowicz’s 
Jacobi manifolds are simpler than Kirillov’s local Lie algebras and most authors prefer 
to work with the former. However, there are important local Lie algebras which do not 
come from Jacobi manifolds. For instance, a non coorientable contact manifold (M, C) 
defines a local Lie algebra (containing a full information on C) which doesn’t come 
from a Jacobi structure. Actually, a large part of the theory of Jacobi manifolds can 
be extended to local Lie algebras with one dimensional hbers. 

In this paper we show that a suitable notion of Dirac-Jacobi structure on a generic 
line bundle L, is provided by Dirac structures in the omni-Lie algebroid of L. The 
omni-Lie algebroid of a vector bundle E, here denoted by DE, and Dirac structures 
therein, have been introduced by Chen and Liu in [D], and further studied by Chen, 
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Liu and Sheng in [8]. In the case when E is & line bundle, Dirac structures in DE 
encompass local Lie algebras with one dimensional hbers (see i). as well as non nec¬ 
essarily coorientable precontact distributions, and Wade’s £^^(M)-Dirac structures. We 
study systematically Dirac-Jacobi bundles, i.e. line bundles L equipped with a Dirac 
structure in DL, extending to this general context a number of results already available 
for £^^(M)-Dirac manifolds. We also hnd completely new results, including a useful the¬ 
orem on the local structure of Dirac-Jacobi bundles fTheorem Ib.ip . a general discussion 
on backward/forward images of Dirac-Jacobi structures (Section [8]), and a coisotropic 
embedding theorem (Section [9]), paralleling similar results holding for Dirac manifolds 
(see Ba, n, and [5] respectively). In our opinion, the omni-Lie algebroid approach 
to Dirac-Jacobi structures clarihes Wade’s theory, putting it in a simple and efficient 
conceptual framework. 

The paper is organized as follows. In Section [2] we recall those aspects of differen¬ 
tial geometry of line bundles that we will need in the sequel. Specihcally, we discuss, 
in some details, the Atiyah algebroid (also called gauge algebroid) of a vector bundle 
and its functorial properties. In Section [3] we present an alternative point of view on 
(pre)contact geometry: it turns out that (pre)contact geometry can be obtained from 
(pre)symplectic geometry “replacing smooth functions with sections of an arbitrary line 
bundle L, and vector helds with sections of the Atiyah algebroid of L”. This principle 
is a guide-line throughout the paper. Actually, Dirac-Jacobi geometry can be obtained 
from Dirac geometry “replacing the tangent bundle with the Atiyah algebroid of a line 
bundle”. This vague statement will be much clearer after Section 0] where we dehne 
Dirac-Jacobi structures on generically non-trivial line bundles. The examples show 
that Dirac-Jacobi bundles encompass (non-necessarily coorientable) precontact mani¬ 
folds, local Lie algebras with one dimensional hbers (in particular Jacobi manifolds and 
hat line bundles), and Dirac manifolds. In Section |5] we begin a systematic analysis of 
Dirac-Jacobi bundles. In particular, we show that a Dirac-Jacobi bundle is essentially 
the same as a (generically singular) foliation equipped with precontact or locally con¬ 
formal presymplectic (Icps) structures on its leaves (see [20] for the trivial line bundle 
version of this result). In Section |6]we describe, to some extent, the local structure of a 
Dirac-Jacobi bundle around a point in either a precontact or a Icps leaf of the character¬ 
istic foliation (Theorem EH]). This description is not a full local normal form theorem. 
Nonetheless it is useful for several purposes (see, e.g.. Corollary 16.41 and Proposition 
I7.3p . In addition, it allows to prove the existence of certain structures transverse to 
characteristic leaves fPropositions 16.81 and 16.91) . In Section [7] we dehne the null distri¬ 
bution of a Dirac-Jacobi bundle. It plays a similar role as the null distribution of a Dirac 
manifold, in particular that of a presymplectic manifold. Namely, under suitable regu¬ 
larity conditions, the null distribution can be quotiented out. The quotient manifold is 
naturally equipped with a local Lie algebra with one dimensional hbers, which, together 
with the null foliation, completely determines the original Dirac-Jacobi structure. This 
allows to describe the structure of Dirac-Jacobi bundles, with sufhciently regular null 
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distribution, in a similar way as for Dirac manifolds. In Section |8] we discuss how to pull¬ 
back and push-forward a Dirac-Jacobi structure along a smooth map. This allows us 
to dehne two different kind of morphisms (backward, and forward morphisms) between 
Dirac-Jacobi bundles. The analysis in this section closely parallels a similar analysis for 
Dirac manifolds in [1] Section 5]. In Section [H] we discuss coisotropic submanifolds in 
manifolds equipped with a local Lie algebra structure. Under suitable regularity con¬ 
ditions, a coisotropic submanifold inherits a Dirac-Jacobi structure. Conversely, under 
suitable regularity conditions, a Dirac-Jacobi bundle can be coisotropically embedded 
in a manifold equipped with a local Lie algebra with one dimensional hbers (Theorem 
O (see O Theorem 8.1] for a Poisson geometric version of this result). In Section [TOl 
we prove that Dirac-Jacobi bundles are inhnitesimal counterparts of (non-necessarily 
coorientable) precontact groupoids. Every Dirac structure comes equipped with a Lie 
algebroid structure integrating (if at all integrable) to a presymplectic groupoid [2]. 
Similarly every i^^(M)-Dirac structure comes equipped with a Lie algebroid structure 
integrating (if at all integrable) to a cooriented precontact groupoid |2I]. Theorem llU.llI 
generalizes these results to Dirac-Jacobi bundles. Finally, recall that a local Lie algebra 
with one dimensional hbers can be regarded as a homogenous Poisson manifold via the 
so called Poissonization trick. Similarly, a £^^(M)-Dirac structure can be regarded as 
a homogeneous Dirac structure via a Dirac-ization trick [20], and this is sometimes 
useful in proving theorems in Dirac-Jacobi geometry from available theorems in Dirac 
geometry (see, e.g., [21], see also [H]). In Appendix Rl we show how to adapt the 
Dirac-ization trick to Dirac-Jacobi structures on non-necessarily trivial line bundles. 

Notation, conventions and terminology. Let M be a smooth manifold, and let 
E —)■ M be a vector bundle. A distribution U in E is the assignment x i-A 14 of a 
subspace 14 of the hber of E over x for all points x G M. Let U be a distribution 
in E. The rank of V is the integer-valued map rank V on M dehned by rank V \ x ^ 
ranks,!/ := dim 14. A (smooth) section of U is a section e oi E such that e{x) G 14 
for all X G M. Distribution V is smooth if 14 is spanned by values at x of sections 
of V, for all X G M. The rank of a smooth distribution is a lower semi-continuous 
function. A smooth distribution is regular if its rank is locally constant. Hence a 
regular distribution in a vector bundle over a connected manifold is a vector subbundle. 
If E is a Lie algebroid, a distribution 1/ in E is called involutive if sections of V are 
preserved by the Lie bracket on P(E'). 

Typical examples of distributions in vector bundles are kernels and images of vec¬ 
tor bundle morphisms over the identity. The kernel of a vector bundle morphism (in 
particular, the intersection of two vector subbundles) is a distribution with upper semi- 
continuous rank. Hence it is smooth iff its rank is locally constant. The image of a 
vector bundle morphism is a smooth distribution. In particular, its rank is a lower 
semi-continuous function. 

A distribution iP in TM is integrable if every point of M is contained in a plague, i.e. a 
connected, immersed submanifold O such that TO = K\q. An integrable distribution 
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K in TM determines a partition T oi M into leaves, i.e. maximal plaques. Partition 
will be referred to as a foliation (of M), specifically the integral foliation of K, and 
K will be also called the tangent distribution to iF and denoted by TF. (A version of) 
Stefan-Sussman theorem asserts that a smooth distribution K in TM is integrable iff it 
is involutive and, additionally, rankiP is constant along the flow lines of sections of K. 
In particular, a regular distribution in TM is integrable iff it is involutive (Frobenius 
theorem). The integral foliation of a regular distribution in TM will be called regular. 
A regular foliation of M is simple if the space M^ed of leaves carries a smooth manifold 
structure such that the canonical projection M —)■ Mred is a (surjective) submersion. 

We assume that the reader is familiar with (fundamentals of) the theory of Lie 
groupoids. Lie algebroids and their representations (see, e.g., [10] and references 
therein). The unfamiliar reader will hnd a quick introduction to those aspects of the 
theory relevant for this paper in [33| (see Section 1.2 therein, see also Chapter 4). We 
only recall here that, given a Lie algebroid A —)■ M, with Lie bracket [—, —jyi and an¬ 
chor Pa, and a vector bundle E ^ M equipped with a representation of A, i.e. a flat 
A-connection, there is an T-valued Cartan calculus on A consisting of the following 
operators: 

• the T- valued Lie algebroid differential dA,E '■ r(A*A* 0 T) —)■ r(A*A* (g) E), 
and, for every section a of A, 

• the contraction i^ '■ r(A*A* ® E) ^ r(A*A* 0 E) taking an T-valued, skew- 
symmetric multilinear form ca on A to iaOJ = ca(a, —,..., —), 

• the Lie derivative £„ : r(A*A*(g)T) ^ r(A*A*(8)T), dehned as £„ := [ia, dA,E] = 
'ladA,E + dA,E'la- 

The above operators fulhll the following (additional) Cartan identities 

(1.1) [Ca,ili] = [Ca,Cji] = E[a,g\A^ [dA,E,dA,E\ = [dA,E,d^(y\ = = 0. 

for all a, f ^ r(A), where , —] denotes the graded commutator. 

2. Reminder on the Atiyah algebroid of a vector bundle 

In order to £x the notation, we collect, in this section, some already known facts about 
the Atiyah algebroid of a vector bundle, including its dehnition and its interaction with 
vector bundle morphisms. For more information about the Atiyah algebroid the reader 
may refer, e.g., to Mackenzie’s book [28| and references therein (especially reference [23| 
of the present paper). Beware that our terminology and notation are slightly different 
from Mackenzie’s ones. 

Let M be a smooth manifold, and let T —)■ M be a vector bundle over it. A derivation 
of E is an IR-linear map A ; F(T') F(T') such that there exists a, necessarily unique, 

vector held X G X{M), called the symbol of A and also denoted by ct(A), satisfying 
the following Leibniz rule 

A{fe)=X{f)e + fA{e), 
for all / e C'°°(M) and e G F(T). 
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Remark 2.1. Derivations are first order differential operators. If i? is a line bundle, 
then every first order differential operator r(i?) —)■ r(£') is a derivation. 

Derivations of E can be regarded as sections of a Lie algebroid DE —)■ M, the Atiyah 
algebroid of E, dehned as follows. The hber D^E of DE through x G M consists of [R- 
linear maps A : r(£') —)■ E^ such that there exists a, necessarily unique, tangent vector 
X G T 3 .M, called the symbol of A and also denoted by (t(A), satisfying the following 
Leibniz rule 

A(/e) = A(/)e„ + /(x)A(e), 

/ G C°°{M) and e G r(£'). It is easy to see that D^E is a vector space. Choose 
coordinates (x*) on M, and a local basis (£“) of r(£'). Then a basis of D^E is 
dehned as follows. For e = /a£“ G r(i?) put 

<5*(e) := and e^(e) := fa{x)el. 

This shows that the D^EA are hbers of a vector bundle DE —)■ M whose rank is dim M+ 
(rankif)^. Sections of DE —)■ M are denoted by Deri?. They identify with derivations 
of E. Hence DE —)■ M is a Lie algebroid, whose Lie bracket is the commutator of 
derivations and whose anchor a : DE TM sends a derivation to its symbol. A 
representation of a Lie algebroid A —)■ M in a vector bundle E ^ M can then be 
regarded as a morphism of Lie algebroids A —)■ DE. In particular there is a tautological 
representation of the Lie algebroid DE in E itself, given by the identity id : DE — )■ DE. 
The de Rham complex r{A*{DE)*^E) of DE with values in E is sometimes called the 
der-complex [32]. We denote he do the differential in the der-complex. Der-complex 
is actually acyclic. Even more, it possesses a canonical contracting homotopy given by 
contraction with the identity derivation 1 : E ^ E, 1e = e. The Atiyah algebroid DE 
is often called the gauge algebroid of E. 

Correspondence E —)■ DE is functorial in the following sense. Let be the 

category whose objects are vector bundles (over possibly different base manifolds) and 
whose morphisms are regular morphisms of vector bundles, i.e. vector bundle maps 
that are isomorphisms on hbers. Then correspondence E i-A DE can be promoted to a 
functor from to the category of Lie algebroids, with morphisms of Lie algebroids 

over possibly different base manifolds. Namely, let i? —)■ M and E' -A M' be vector 
bundles, and let F : i? —)■ E' be a regular vector bundle morphism over a smooth map 
F : M —)■ M'. In particular a section e' of F' can be pulled-back to a section E*e' of F, 
dehned by (F*e')(x) := {E\f} o e o F)(x), for all x G M. Then F induces a morphism 
of Lie algebroids d^E : DE -A DE' dehned by 

((dflF)A)e' := A(F*e'), A G DE, e' G r(F'). 

It is easy to see that rank^-d^iF = ranka-dF -1- (rankF)^ for all x G M. If there is 
no risk of confusion, we also denote by F* the vector bundle morphism d^E. Of a 
special interest is the case when F : M —)■ M' is the inclusion of a submanifold and 
F : E = E'\m —t F' is the inclusion of the restricted vector bundle. In this case 
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dijF : D{E'\m) —^ DE' is an embedding whose image consists of derivations of E' 
whose symbol is tangent to M. We will often regard DE'\m as a subbundle of DE' 
(over submanifold M). 


Remark 2.2. There is a more geometric interpretation of derivations of a vector bundle 
which is often useful. Namely, derivations of a vector bundle E ^ M can be understood 
as inhnitesimal vector bundle automorphisms of E, as follows, let {Aj} be a smooth 
one-parameter family of derivations of E, and let Xf = cr(Aj). Denote by the one- 
parameter family of diffeomorphisms generated by {Xt}. Then there exists a unique 
one-parameter family {‘hf} of vector bundle automorphisms '■ E ^ E, over {$*} 
such that 


|*:e = 4:A,e. 


for all e eT{E). If A* 
X = cr(A), and 


A is constant, then family {$ 4 } is a flow, over the flow of 


Ae 


d 

dt 


$:e. 

t=o 


In the case when i? = L is a line bundle, then rankDL = dimM -|- 1 and a basis of 
DxL is (5j, tx), where ^x sends section e to Cx- Moreover, the dual bundle of DL is 
J^L ® L*, where J^L is the hrst jet bundle of L. In this case, der-complex looks like 

0 —^ r(L) ^ T{J^L) V{K^{DLy <g) L) ^ , 

and the hrst differential r(L) —)■ r(J^L) agrees with the hrst jet prolongation : 
r(L) —)■ r(J^L). Let L ^ M and L' —)■ M' be line bundles and let F : L ^ L' be a 
regular morphism of vector bundles over a smooth map F : M —)■ M'. A sections ip' 
of J^L' can be pulled-back to a section E*'ip' of J^L as follows. First dehne a vector 
bundle morphism j^E : F_*J^L' —)■ J^L by putting := jl{F*X'), for all 

X G M. Next put F*'ijj = j^F o -0 o F. By dehnition j^F*X' = F*j^X' for all A' G r(L'). 
If there is no risk of confusion we also denote by F* the vector bundle morphism j^F. 

The pull-backs F* : T{L') —)■ r(L) and F* : r(J^F) —)■ r(J^L) can be extended to 
a degree zero map, also denoted by F* : r{A’{DL')* (g) L') -A- r{A*{DL)* (g) L), in the 
obvious way. Moreover, 

F*dDUj' = dDF*uj' 

for all 00 ' G r(A’(FL')* 0 F). 

Vector bundle morphism j^F is adjoint to d^E in the sense that (F*A, 0') = (A, F*0) 
for all A G DxL and 0 G where (— , —) : DL 0 J^L -A L, is the duality pairing 

twisted by L. Hence, if A G DerL and A' G DerF are F - related , i.e. A(F*A') = 
F*(A'A') for all A' G r(F) (in other words, F ^ Xx ) = A0(^) for all x G M), then 

iAF*u' = F*iA'0j' 


CaF*uj' = F*Ca'Uj' 


( 2 . 1 ) 

for all w' e r(A‘(BL')* ® i'). 
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3. A NEW LOOK AT CONTACT AND LOCALLY CONFORMAL SYMPLECTIC 

GEOMETRIES 

A precontact manifold is a manifold M equipped with a precontact distribution C, 
i.e. an hyperplane distribution on M. Let (M, C) be a precontact manifold. Denote 
by L the quotient line bundle TM/C, and hj 6 : TM ^ L the projection. We also 
interpret 6 as an L-valued 1-form on M. It contains a full information on C. Actually, 
a precontact distribution on M can be equivalently dehned as a line bundle L equipped 
with a precontact form 9 \ TM ^ L, i.e. a nowhere zero L-valued 1-form 9 ■. TM ^ L. 
The curvature form ojc ■ /\^C —)■ L, {X,Y) i-A 9{[X,Y]), dehnes a morphism ujq : 
C —)■ C* 0 L of vector bundles whose kernel Kc is a, generically singular, involutive, 
subdistribution of C called the null distribution of C. Since the rank of Kc is an upper 
semi-continuous function on M, then Kq is smooth iff it is regular. In this case, the 
rank of Kc is locally constant and Kc is integrable by involutivity. 

A precontact distribution C is contact if ooc is non-degenerate, i.e. ui^ is an isomor¬ 
phism. A contact distribution C dehnes a local Lie algebra {L = TM/C,{—,—}) in the 
sense of Kirillov (see Remark 13.11 below!. Following Marie’s terminology [29] we will 
use the name Jacobi bundle for a local Lie algebra with one dimensional hber. A Jacobi 
bundle is a line bundle L equipped with a Lie bracket } which is a hrst order 

differential operator (hence a derivation) in each entry. The Lie bracket of a Jacobi 
bundle will be called a Jacobi bracket. Jacobi manifolds in the sense of Lichnerowicz 
[27] are natural sources of (trivial) Jacobi bundles and Jacobi brackets, but there are 
interesting examples of non-trivial Jacobi bundles. 

Remark 3.1. The Jacobi bracket { — , — } dehned by C can be described as follows 
(see, e.g., [H]). Let X G X{M). The map (fx '■ C ^ C* ® L., Y i—>■ 9{[X,Y]) is a 
well-dehned morphism of vector bundles. Put X' = (a;^)“^((/)x) G r(C'). It can be 
showed that X — X' does only depend on A := 9{X). We denote it by Xx- Now, let 
A = 9{X),fi = 9(Y) G r(L), with A,y G X(M). Then {A,p} = 9{[Xx,X^]). Notice, 
additionally, that vector held Xx is the symbol of derivation {A, —} and, moreover, its 
how preserves C. 

In the following, it will be convenient to take a slightly more general point of view 
on precontact geometry. Namely, we relax the requirement that a precontact form was 
nowhere zero, and call a precontact form any 1-form 9 on M with values in a line bundle 
L —)■ M. The kernel of 0 is a non-necessarily regular distribution on M whose rank is 
dim M at points where 9 vanishes, and dim M — 1 at points where 9 is not zero. When 
ker 9 is not regular, the null distribution cannot be dehned as above. However, there is 
still a way out as discussed below fRemark l3.7l) . 

Now, we propose an alternative approach to precontact geometry, inspired by the 
(pre)symplectization trick, consisting in regarding a precontact manifold as a homo¬ 
geneous symplectic manifold, which is always possible. In our approach, precontact 
geometry is, in a sense, symplectic geometry on the Atiyah algebroid of a line bundle. 
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Let L —)■ M be any line bundle. Consider the Atiyah algebroid DL of L and let Der L be 
sections of DL (see Section [2]). As already remarked, there is a tautological representa¬ 
tion of DL in L, and an associated (acyclic) de Rham complex {V{/\*{DL)* ® L), do) (it 
will be often useful recalling that (DL)* = J^L^L*). In the following, we denote by fl* 
the graded space r(A*(L)L)* 0 L). Since the contraction ii with the identity operator 
1 ;= idr(L) G DerL is a contracting homotopy for (fi* , d^), i.e. [ii, dn] = id, it immedi¬ 
ately follows that = kerdo © keiR with projections 12* —)■ ker ca i-A ca — iid^u), 
and —)■ kerii, u i-A i^dnOJ- In particular do ■ kerii —)■ keido is a (degree one) iso¬ 
morphism of graded vector spaces, and in : kerdo —t kerii is its inverse isomorphism. 

Remark 3.2. The C'°°(M)-hnear operator ii does actually come from a constant rank 
morphism of vector bundles A*{DL)* © L —)■ A*{DL)* 0 L also denoted by ii. In 
particular, it induces acyclic differentials on hbers. 

Proposition 3.3. Precontact forms on M with values in L are in one-to-one corre¬ 
spondence with 2-cocycles in {Q*^,dD)- Nowhere zero precontact forms correspond to 
nowhere zero 2-cocycles. 

Proof. Let 6* : TM —)■ L be a precontact form on M. Denote by 0 : DL —)■ L the 
composition 

DL ^ TM L, 

where a is the anchor of DL, i.e. the symbol map. Regard 0 as a 1-cochain in (D*, d^i) 
and put uj := —d^Q. Then a; is a 2-cocycle. From cri = 0, we get ii0 = 0, hence 
0 = —iio;. When 6 is nowhere zero, uj is nowhere zero. Indeed, for all A G DerL and 
X G ilL, we have uj{\x,Ai.x) = 1^(1, A)^; = —0(A)3; = —9x{o'{Ax)), and the claim follows 
from surjectivity of a and the hypothesis 9x^0 for all x. 

Conversely, let ca be a 2-cocycle in (D* , do). Put 0 ;= —iica, so that 0 G kerii. Since 
the kernel of a is actually generated by 1, it follows that 0 descends to an L-valued 
1-form 9 ■. TM ^ L, i.e. Q = 9 o a. Finally, when u is nowhere zero, then 9 is nowhere 
zero. Indeed, let A and x be as above. Similarly as above, 9{a{Ax)) = —a;(1a:, A^,). 
Suppose, by absurd, that uj{\x, —) = 0. Then, in view of Remark [3.21 there is a G D* 
such that dncr = 0 and, moreover, Ux = (iicrj^,, whence 0 = {dD0j)x = so that ojx = ^ 
as well, which contradicts the hypothesis. □ 

Remark 3.4. The proof of Proposition 13.31 shows that = 0 iff ~) = 0. 

Clearly, every 2-cochain oo G dehnes a morphism : DL —)■ {DL)* 0 L = J^L. 
Put := kero;*’. It is a generically non-smooth distribution in DL. 

Remark 3.5. By dehnition, the 2-cochain ui is non-degenerate if uj^ is an isomorphism, 
i.e. Ki^ = 0. In this case the inverse isomorphism : .L^L -A- DL dehnes a skew- 
symmetric bracket — }aj : P(L) x P(L) —)■ P(L) via. 
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where (—, —) : DL (g) J^L —)■ L is the duality pairing twisted by L. By dehnition, 
is a hrst order differential operator in each entry. Moreover, it is easy to see 
that {—, —is a Lie bracket, i.e. it satishes the Jacobi identity, iff = 0. In this 
case (L, { —, —}aj) is a Jacobi bundle. 

Proposition 3.6. Let 6 : TM ^ L be a nowhere zero precontact form with values in 
the line bundle L —)■ M, let C := kerd be the corresponding precontact distribution, and 
let u E flf be the associated 2-cocycle. The symbol map a : DL TM establishes a 
linear bijection between and Kq. In particular, 9 is a contact form, i.e. C := ker^ 
is a contact distribution, iff u is non-degenerate. In this case the bracket of 

Remark fX5l is the Jacobi bracket defined by C. 

Proof. We use the same notations as in the proof of Proposition 13.31 Work point-wise 
taking a generic x G M. First of all notice that —iicOj, = ©a, 7 ^ 0, hence ix ^ Ku- Since 
11 generates kern, it follows that the restriction a : TM is injective. Now, let 

A G DerL be such that A^. G K^. Compute 9{a{Ax)) = ©(Aj.) = —^(lla;, Aa,) = 0. 
This shows that C C. Since ker © is a regular distribution in DL, we can choose 

A G ker©. We have to show that, for all such A, cr(Aa;) G Kc, i.e. that, for all 
X G r(C), a;c(c’'(Aa:), Aa;) = 0, where cue : A^C —)■ L is the curvature form of C. Thus, 
let □ G DerL be such that cr(n) = X. In particular □ G r(ker©). Compute 

a;c(n(Aa;),cr(na;)) = 6 '([(t(A), a(n)])a: 

= 0([A,n]). 

= U;(Aa., □.) - A(©(n))a. + □(©(A))a. 

= 0 . 

Conversely, let Y G r(C) be such that W £ Kc, and let A G DerL be such that 
Y = cr(A). Then the same computation as above shows that ker ©a, C ker cu(Aa;, —). 
Since ©a; 7 ^ 0, it follows that cu(Aa;, —) = r©a; = cu(r1a;,—) for some real number r. 
Hence Aa, — r^x ^ But cr(Aa; — r^x) = (^{Ax) = Xx- This concludes the proof of 
the hrst part of the proposition. 

It remains to show that, when cu is non degenerate, { —, —agrees with the Jacobi 
bracket {—, —} determined by C. To see this, hrst notice that derivations of the form 
{A,—} preserve ©. Namely, let A G r(L) and let Aa = {A,—}. The Lie derivative 
Laa© of 0 along Aa vanishes identically. Indeed, for all A G DerL, put fv = ©(A) = 
6 '((t(A)) G r(L), and compute 

(La,©)(A) = Aa(©(A))-©([Aa,A]) 

= {A,/i} - 0([cT(AA),a(A)]) 

= 0([cT(AA),a(A - A^)] 

= 0, 






DIRAC-JACOBI BUNDLES 


11 


where the last equality follows from the fact that (j(A — A^) G r(C), and cr(AA) = Xx 
preserves C (see Remark 13.ip . Now 

^^(Aa) = = doX = j^X, 

i.e. = A^, which concludes the proof. □ 

Remark 3.7. Propositions 13.31 and 13.61 show that the information contained in a pre¬ 
contact distribution C can be actually encoded in a 2-cocycle to in (hi*, do)- Moreover, 
from to, we immediately recover the notion of null subdistribution of a precontact dis¬ 
tribution and Jacobi bracket of a contact distribution. Finally, Proposition 13.61 suggests 
how to dehne the null distribution of a (non-necessarily nowhere zero) precontact 1-form 
9 ■. TM ^ L\ it is where to G is the 2-cocycle corresponding to 9. Notice 

that a : —)■ a{K^) is not injective precisely at points where 9 vanishes. Specihcally, 

from Remark 13.41 we see that 1^, G kern fl whenever 9^ = 0. 

Now we turn to locally conformal presymplectic (Icps) geometry. Recall that a Icps 
manifold is a manifold M equipped with a Icps structure, i.e. a pair (ca, h) where b is 
a closed 1-form and ca is a 2-form such that du + b A to = 0. A Icps structure {to, b) is 
locally conformal symplectic (Ics) if to is non degenerate. There is a more conceptual 
approach to Icps geometry (see, e.g., [36l Appendix A])). Namely, a closed 1 -form b 
can be understood as a flat connection in the trivial line bundle IRm := IR x M, and 
d + b A (—) is the associated flat connection differential. This suggests to revise the 
dehnition of a Icps structure as follows. A Icps structure on M is a triple (L, V,w) 
where L ^ M is a line bundle, V is a flat connection in L and w : A^TM -A L \s 
an L-valued 2 -form such that dvkl = 0) where dy is the differential associated to V 
(notation w instead of to will be clear in few lines). A Icps structure {L, V, w) is Ics if w 
is non-degenerate, i.e. the induced vector bundle morphism ^ : TM ^ T*M ( 8 ) L is an 
isomorphism. For instance, even-dimensional characteristic leaves of a Jacobi bundle 
are equipped with Ics structures in this more general (line bundle theoretic) sense. 

Remark 3.8. A Ics structure (L, V,w) dehnes a Jacobi bracket } on F(L) as 
follows. Let A G F(L), and let dyA : TM ^ L be its flat connection differential. 
Put Xx := (w'’)“^(dyA). Then {A,//} = u{Xx,X^). The Jacobi identity for } is 
equivalent to dyo; = 0 . 

Now we show that Icps geometry can be put in the same framework as that proposed 
for precontact geometry. Specihcally, a hat connection in L is an injective Lie algebroid 
morphism V : TM ^ DL. Hence the image Xy ;= im V is a subalgebroid in DL and 
the symbol a : Xy —)■ TM is an isomorphism of Lie algebroids. Conversely, it follows 
by dimension counting that a transitive Lie subalgebroid of DL is either DL itself or is 
of the form Xy for a unique hat connection V. Hence there is a one-to-one correspon¬ 
dence between hat connections in L and transitive, proper Lie subalgebroids in DL. 
Diherential dy is the X-valued Lie algebroid diherential of Xy up to the identihcation 
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Xv — TM. This shows that precontact/lcps geometry is the geometry of a closed 2-form 
on a transitive Lie subalgebroid of the Atiyah algebroid of a line bundle. 

Remark 3.9. Let w be an L-valued 2-form on the manifold M. It can be also regarded 
as a 2-form on DL itself as follows. Let ca = (T*w G Vl\ be given by (cr*w)(A, □) := 
w((t(A), (T(n)), for all A, □ G DerL. In particular oj G kerii. Conversely, let oj G 
kerii n Vl\. Then it descends to an L-valued 2-form on M, i.e. u = a*u for some 
u : f\^TM —)■ L. In other words, an L-valued 2-form w on M is equivalent to a 2- 
cochain oj in {Q\,di:,) such that i\UJ = 0. Now, let (L,V,w) be a Icps structure and 
uj = (T*w. If the rank of w is at least four, then uj determines V. However, in general, 
it doesn’t (consider the case w = 0), and V is an extra piece of information. Finally, a 
direct computation shows that 

(3.1) (dzia;)(Vx, Vv, Vz) = { d ^ u ){ X , Y , Z ) 

for all X,Y, Z G X(M). Hence condition d^u = 0 is equivalent to condition {d£)U))\x^ = 

0 . 

4. Dirac-Jacobi bundles 

Wade dehned a Jacobi version of a Dirac structure, and originally called it a Dirac 
structure on £^{M) |30]. Later the terms £^{M)-Dirac structure [20] and Dirac-Jacobi 
structure [21] were also used to indicate the same object. Wade’s dehnition is based on 
the following remark. Let M be a smooth manifold and let [Rm := M x [R be the trivial 
line bundle over M. Sections of the bundle E^{M) := (TM © IRm) © (T*M © IRm) 
are equipped with a canonical bracket extending the Courant bracket on sections of 
TM (B T*M [101 Section 3]. An L^(M)-Dirac structure is then a maximal isotropic 
subbundle of S^{M) whose sections are preserved by the canonical bracket. S^{M)- 
Dirac structures encompass cooriented precontact distributions and Jacobi structures 
in the sense of Lichnerowicz [27] as special cases. Wade also dehned conformal Dirac 
structures in the same spirit as conformal Jacobi structures m Section 1.4], which 
are essentially equivalent to Jacobi bundles, but she didn’t develop the theory beyond 
the dehnition (except for the special case of locally conformal Dirac structures [38]). 
In this section we propose an alternative, and easy to use, dehnition of a conformal 
Dirac structure, which we call a Dirac-Jacobi bundle. Dirac-Jacobi bundles are slightly 
more general than L^(M)-Diract structures, and encompass non-coorientable precontact 
distributions and Jacobi bundles. 

With the new understanding of precontact (and Icps) structures presented in the 
previous section, it is actually easy to hnd a common framework for precontact distri¬ 
butions and Jacobi bundles. Namely, let L —)■ M be a line bundle. Similarly as in the 
presymplectic/Poisson case (or in Wade’s L^(M)-Dirac case) consider the vector bundle 

DL := DL © J^L. 

Vector bundle DL was hrst considered by Chen and Liu in [5]. They named it the 
omni-Lie algebroid because it plays a similar role for Lie algebroids as Weinstein’s 


DIRAC-JACOBI BUNDLES 


13 


omni-Lie algebras do for Lie algebras [ID]. The omni-Lie algebroid DL is an instance 
of E-Courant algebroid [^ and of AV-Courant algebroid [26|. Additionally, it is a 
contact Courant algebroid in the sense of Grabowski na. Grabowski’s contact Gourant 
algebroids are actually line bundle theoretic versions of Gourant-Jacobi algebroids [18] 
(called generalized Gourant algebroids in [30]). For the purposes of this paper we will 
not need the whole technology developed in References [301 ESI El 1201EZ] • It will suffice 
to notice that DL possesses the following structures: 

(1) two natural projections 

(4.1) pr^) ; DL —)■ DL, and prji : DL —> J^L, 

(2) anon-degenerate, symmetric, L-valued 2-form ((—, —)) : r(DL) xr(DL) r(L) 
given by: 

(□,' 0 ))) := (^,- 0 ) + 

and 

(3) a (non-skew symmetric, Dorfman-like) bracket ] : r(DL) x r(DL) — )■ 
r(DL), given by: 

(4.2) [(A, (p), (□, ^P)j := ([A, a\,CA^P - tndDV) 

for all A, □ G DerL, and all G r(J^L). 

An easy computation exploiting Gartan calculus on the Lie algebroid DL shows that 
the bracket , —] satishes 


(4.3) la,f3] + l(3,aj = dD{{a,(d)), 

(4.4) [a, 1/3, 7 ]] = [[a, /3], 7 ] -F [/?, [a, 7 ]], 

(4.5) [a, f(3] = fla, /3] + (a o pr^)(a)(/)/3, 

and, moreover, 

(4.6) (([a, /3], 7 )) + (([a, 7 ], /!)) = pr^(a) (((/3, 7 ))). 
for all a ,^,7 G r(DL) and / G G°°(M). 

Remark 4.1. When L = Rm is the trivial line bundle, then DL = L^(ilL), and (the 
skew-symmetrization of) bracket fl4.2p is to be compared with the bracket on r(L^(M)) 
used by Wade iQl Section 3]. 

Definition 4.2. A Dirac-Jacobi bundle over a manifold M is a line bundle L ^ M 
equipped with a Dirac-Jacobi structure, i.e. a vector subbundle A C DL such that 

( 1 ) £ is maximal isotropic with respect to ((—, —)), and 

(2) r(£) is involutive with respect to i.e. [r(£),r(£)] C r(£). 
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Remark 4.3. Maximal isotropic, involutive subbundles il of the omni-Lie algebroid DL 
were first considered in | 6 ]. Among other things, the authors show that, if £fl = 0, 
then £ is the graph of a Jacobi structure and vice-versa. See Example 14.81 below for 
more details. Dirac structures in omni-Lie algebroids were also considered in [ 8 ] from 
a somewhat different perspective. 

Remark 4.4. The bilinear map ((—, —)) has split signature in any local basis of r(L). 
Hence a subbundle £ C DL is maximal isotropic iff it is both isotropic and coisotropic iff 
it is either isotropic or coisotropic and, additionally, rank£ = (rankDL)/2 = dimM-|-l. 
Now, for a vector bundle H —)■ M and a distribution W in V, denote by hL° the 
annihilator oi W in V* ® L = Hom(l/, L), i.e. the distribution consisting of 0 G (D L 
such that {4>,w) = 0 for all w. The following point-wise equalities hold 

(4.7) prD(^)° = £ n J^L and prji(£) = (£ n DL)°, 

for every maximal isotropic subbundle £ of DL. 

Now consider the short exact sequence 

(4.8) 0 —^ (1) —> DL^TM —^ 0, 

where 1 : r(L) —)■ r(L) is the identity operator and generates the subbundle (1) = 
EndL of linear endomorphisms of L. Taking duals and tensoring by L in fl4.8p . we get 
the so called Spencer sequence 

(4.9) 0^— L^J^Li — T*M®Li —0, 

where pr^^ is the canonical projection given by j^\ eA A, and the embedding T*M®L M- 
J^L adjoint to symbol a is given by d/ ( 8 ) A i-A — fj^X, where A G r(L), and 

/ G C°°{M). In what follows we will always regard T*M ( 8 ) L as a subbundle of J^L 
understanding the embedding T*M ^ J^L (beware that a different convention for 
the Spencer sequence is often used where the embedding T*M (8) L J^L maps df 
to fi^\ — j^fX- However, this choice is not adjoint to fl4.8p j. 

In addition to fl4.7p . one can easily check two more pairs of point-wise eqnalities: 

(4.10) ((a o pr^)£)° = £ n (T*ilL (8) L) and (pr^ o prji)£ = (£ fl (1))°, 
and 

(4.11) (pr^£n (1))° = pri(£n J^L) and pr(£) n (T*M 0 L) = (a(£ n DL))°. 
for every maximal isotropic subbundle £ of DL. 

Remark 4.5. Let £ be a maximal isotropic snbbundle of DL. It is involutive (with 
respect to bracket [—,—]) iff 

(([«,/?!, 7)) = 0, 

for all a,/ 5,7 G T{D). Now, from fl4.3p . (14.51) . and (14.Op . the expression 

Tr£(«,/5,7) := (([«,/?!,7)) 
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is skew-symmetric and C°°(M)-linear in its arguments a, (3, 7 . Hence it defines a section 
of A^D*^L. We call the Courant-Jacobi tensor of £. The involutivity condition 
on a maximal isotropic subbundle £ is thus = 0 . 

Remark 4.6. When L = IRm, Dehniton 14.21 gives back Wade’s dehnition of a Dirac 
structure in 8^{M) [4D1 Dehnition 3.2]. However, there are interesting examples of 
Dirac-Jacobi structures on non-trivial line bundles. For instance, any Jacobi bundle is 
a Dirac-Jacobi bundle of a specihc kind (see Example 14.81 belowh Finally, it should 
be mentioned that Dirac structures in £^{M) are special instances of Vaisman’s Dirac 
structures in the stable big tangent bundle of index h (see [M] for more details). 

Example 4.7. Let oj E Vl\ = F(A^(DL)* (D L) be a 2-cochain in the der-complex (see 
Section [2]). Since u is skew-symmetric, the graph 

:= graphcj*’ = {(A,a;'’(A)) ; A G DL} 

of 00 ° : DL —)■ J^L is a maximal isotropic subbundle of DL. Moreover is involutive 
iff dooo = 0. Indeed, an easy computation shows that 

^£„(CD) CI2, D3) = ^ 2 , ^ 3 ), 

for all Q!j = (Aj, a;'’(Aj)) G F(£^), i = 1,2, 3. So is a Dirac-Jacobi structure on L iff 
cj is a 2-cocycle in (D* , dn)- Conversely, a Dirac-Jacobi structure £ C DL is of the form 
£^ for some 2-cocycle 00 in (D* , d^) iff £ fl J^L = 0. If, additionally, 7 ^ D^L, then 
ojx ^ 0, X & M. Hence, from Proposition 13.31 L-valued precontact forms 6 : TM ^ L 
identify with Dirac-Jacobi structures £ on L such that 

(4.12) £nJ^L = 0, 

and nowhere zero precontact forms correspond to Dirac-Jacobi structures such that 
fl4.12p and, additionally, £,x 7 ^ D^L for all x G M. In particular, Dirac-Jacobi bundles 
encompass (non-necessarily coorientable) precontact manifolds. 

Example 4.8. Let J : F(L) x F(L) —)• F(L) be a skew-symmetric, hrst order bidiffer¬ 
ential operator. Interpret J a.s a. section of A^( J^L)* (D L. It clearly dehnes a morphism 
: J^L —?■ (J^L)* ® L = DL. Since J is skew-symmetric, the graph 

£j := graph J** = , if) : ip G J^L} 

of J** is a maximal isotropic subbundle of DL. Moreover £j is involutive iff J is a Lie 
bracket. Indeed, an easy computation shows that 

Tf'£j(«i, D 2 , D 3 ) = 2 J(' 0 i, L(' 02 ,V’ 3 )) + cyclic permutations, 

for all ai = G F(£j), i = 1,2,3. So £j is a Dirac-Jacobi structure on L iff 

(L, J) is a Jacobi bundle. Conversely, a Dirac-Jacobi structure £ C DL is of the form 
£j for some Jacobi bundle (L, J) iff £ fl DL = 0. Hence Jacobi bundles (L, J) identify 
with Dirac-Jacobi bundles (L, £) such that 

(4.13) £nDL = 0, 
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as first noticed in [ 6 ] (see Theorem 3.16 therein). 

Example 4.9. Let V C DL be a vector subbundle and let C J^L be its annihilator, 
i.e. := {-0 G J^L : {A,'ll;) = 0 for all A eV}. Clearly, 1/ © C DL is an isotropic 
subbundle. Moreover, it is maximal isotropic by dimension counting. Finally it is 
involutive iff V is involutive, i.e. r(l/) is preserved by the commutator of derivations. 
Indeed, an easy computation shows that 

(^ 2 , as) = ([Ai, A 2 ], 03) + ([A 2 , A 3 ], 0 i) + ([A 3 , Ai], 02), 

for all ai = (A*, 00 G r(l/ © l/°), i = 1,2,3. So, involutive vector subbundles of DL 
can be regarded as Dirac-Jacobi structures on L. Notice that the image of a flat linear 
connection V : TM —)■ DL is an involutive vector subbundle of DL. Accordingly, a flat 
connection in L can be regarded as a Dirac-Jacobi structure on L which we denote by 
Av On another hand, the identity operator 1 : r(L) r(L) also spans an involutive 
vector subbundle of DL. We denote by £1 the corresponding abstract Dirac-Jacobi 
structure. Notice that DL = £v © £11 for every flat linear connection V in L. 

Example 4.10. A Icps structure (L, V,w) (see discussion preceding Remark [3.9|) de- 
hnes a Dirac-Jacobi bundle as follows. Put u := cr*w (see Remark [S©]) and consider the 
Dirac-Jacobi structure £v dehned by V (Example 14.91) . Deform £v to a new vector 
subbundle 

£v,w := {(A,0 + ci;'’(A)) : (A, 0 ) g £v}- 

of DL. Since u is skew-symmetric, and (A,0) = 0 for all (A,0) G £v, then £v,aj is a 
maximal isotropic subbundle. Moreover, it is involutive iff dvkf = 0. Indeed, an easy 
computation shows that 

“2, a 3 ) = (d£)Ci;)(Vxi, Vxa; Vxs) = {ds/u){Xi, X2, X3), 

for all ai G r(£v,w), where Xi := aipi^ai), i = 1,2,3, and, in the last equality, we 
used fl3.ip . Dirac-Jacobi bundle (L,£v,^) contains a full information about the Icps 
structure (L, V,w). Hence Icps manifolds identify with certain Dirac-Jacobi bundles. 

Example 4.11. Recall that a homogeneous Poisson structure is a pair (vr, Z) where 
TT is a Poisson bivector, and Z is a vector held such that = —vr. A homogeneous 
Poisson structure on M can be regarded as a Dirac-Jacobi structure on the trivial line 
bundle Rm as follows. Let tt be a bivector held and let Z be a vector held on M. Put 

(4.14) £(^,z) := {{h — hZ + 7 r**(? 7 ), 77 © 1 + ? 7 (Z)j^l) G DIR^ : h G IR and rj G T*M}, 

where tt** : T*M -E- TM is the vector bundle morphism induced by vr. It is easy to see 
that £(,r,z) © DRm is a maximally isotropic subbundle, and it is Dirac-Jacobi structure 
ih (vr, Z) is a homogeneous Poisson structure [101 Section 4]. In this case, (vr, Z) is 
completely determined by £( 7 r,z)- Even more, Dirac-Jacobi structures of the form £( 7 r,z) 
can be characterized according to the following 
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Proposition 4.12. A Dirac Jacobi structure 2 j C DRm is of the form for some 

homogeneous Poisson structure (tt, Z) iff t : 2,(1 DRm —^ is an isomorphism (here 
T : DU.M —^ is the projection A i—)■ A(l )). 

Proof. Let (vr, Z) be an homogeneous Poisson structure. It follows from 04.141) that 
^{-!T,z) n DRm = {h — hZ : h G IR}, hence pr : il( 7 r,z) H DRm IRm, h — hZ ha h is an 
isomorphism. 

Conversely, let £ C DIRm be a Dirac-Jacobi structure such that r : £ n DRm —^ IRm 
is an isomorphism. Put A := G r{DRM) and Z := —ct(A) = A(l) —A G X{M). 

Next we define a bivector field vr. To do this, notice, first of all, that prji(£) = 
(£ n DUm)^ is a vector subbundle in J^IRm- Even more, the canonical projection 
C : J^IRm T*M, j^h ha dh, restricts to an isomorphism ( : prji(£) —)■ T*M. In the 
following we denote T := prji(£). Vector bundle T is equipped with a skew-symmetric 
bilinear map 11 ; A^T —)• IRm given by 

n(0,i/’) := (A, 1 /^), 

for all {A,(f)), (□,'0) £ -C- From the fact that £ is isotropic and the hrst identity in 
04.71) . n is well dehned. It is easy to see that 11 (and T) completely determine £. Indeed 

(4.15) £ = {(A, : V' e r and 0) = (A, 0) for all 0 G T}. 

Now, bilinear map 11, identifies, via isomorphism ( : T ^ T*M, with a bivector field 
TT G r(A^TM). Define £( 7 r,z) C DIRm via 04.141) . Then, as already noticed, £( 7 r,z) is a 
maximallv isotronic subbundle of DIRa^t. Using; 04.151) it is easv to see that C £, 

hence £( 7 r,z) = £• □ 

We conclude that homogeneous Poisson structures identify with Dirac-Jacobi struc¬ 
tures £ C DIRm such that r : DIRm n £ —)■ IRm is an isomorphism, or, in other words, 
the vector subbundle £ fl DL in DIRm has rank 1 and is transversal to the image of the 
standard inclusion TM ^ DIRm- 

Example 4.13. A Dirac structure £ C TM ®T*M can be regarded as a Dirac-Jacobi 
structure £ on the line bundle IRm by putting [101 Remark 3.1]: 

£ := {(A, rj + hj^l) G DIRm : h G IR and (A, rj) G £}. 

Being the image of £ under projection DIRm —)■ TM © T*M, Dirac structure £ is 
completely determined by £. In other words, correspondence £ ha £ is an inclusion of 
Dirac structures on M into Dirac-Jacobi structures on IRm- 

Example 4.14. New Dirac-Jacobi structures can be obtained via gauge transforma¬ 
tions (see also [H Example 3.6]). Let a; G and let £ be a Dirac-Jacobi structure on 
L. Define a vector subbundle Ti_j2 C DL by putting 

r^£ := {{A,'ijj + a;‘'(A)) : (A, fj) G £}. 
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Since u is skew symmetric, is isotropic. Moreover, it shares the same rank as £, 
hence it is maximal isotropic. An easy computation shows that 

a 2 , OL^) = T + ((i£)a;)(Ai, A2, A3) = ((i£)a;)(Ai, A2, A3), 

for all ttj = a- + (0,a;^(Aj)) G r(rtj£), where a- G r(£), and Aj = pr£,(Q;j) = pr£,(a9, 
i = 1,2,3. Hence is a Dirac-Jacobi structure whenever (i£)C(;|pi.^(£) = 0 (as in the 
case of in Example I4.10p . In particular, if u is dD-dosed, then is a Dirac-Jacobi 
structure for all £. 

5. Characteristic foliation of a Dirac-Jacobi bundle 

Dirac structures are equivalent to presymplectic foliation, i.e. foliations equipped with 
a presymplectic structure on each leaf. Similarly, Dirac-Jacobi bundles are equivalent 
to foliations equipped with either a precontact form or an Icps structure on each leaf. 
This was proved in [20] for Dirac-Jacobi structures on the trivial line bundle In 
this section we discuss the general case. 

Let (L, £) be a Dirac-Jacobi bundle over a manifold M. Vector bundle A —)• M is 
naturally a Lie algebroid acting on the line bundle L. Indeed, denote by [—, —: 
r(il) X r(£) — )■ r(A) the restriction of bracket fl4.2p to sections of £. Moreover, denote 
by : £ —)■ TM the composition of pr^, (see (H.lh ) restricted to £, followed by the 
symbol map a : DL —)■ TM. From (14.31) and (14.Sp . [—, —js and are the Lie bracket 
and the anchor of a Lie algebroid. Additionally, denote by : £ —)■ DL the restriction 
of pr^ to £ so that = aoV^. Since pr^, intertwines bracket (14. 2 p and the commutator 
of derivations, is a Lie algebroid representation. 

As usual, the image of the anchor is an integrable, non-necessarily regular, smooth 
distribution in TM, integrating to a foliation which we denote by and call the 
characteristic foliation of the Dirac-Jacobi bundle (L, £). Leaves of are called char¬ 
acteristic leaves of{L, £). Similarly, the image of the flat connection is an involutive, 
non-necessarily regular, smooth distribution in the Lie algebroid DL. We denote it by 
X£. Symbol a ; DL TM maps surjectively onto TXh. 

Distribution X^ is equipped with an X-valued, skew-symmetric bilinear map u: : 
A^X£ —)■ L given by 

a;(A,n) := (□,(p), 

for all (A,(p), (□,'0) ^ From the fact that £ is isotropic and the second identity in 
(lO) . u is well defined. 

My next aim is to show that X^ and u induce, on every characteristic leaf, either a 
precontact form, or a Icps structure. First we prove a 

Lemma 5.1. The rank ofX^ is constant along characteristic leaves. 

Proof. Let D be a characteristic leaf. The bundle map pz : £|c> TO is surjective. 
Hence it splits and, for every vector field X G X(C>), there exists a G r(£|c)), such 
that ps.{(y) = X. It follows that is a derivation of D{L\q). So Vf generates a flow 











DIRAC-JACOBI BUNDLES 


19 


$ = {$t} of infinitesimal antomorphisms of the line bnndle L\o ^ O (see Remark 
I2.2p which lifts to a flow '■= {dn^t} of inhnitesimal antomorphisms of the vector 

bnndle D{L\o) —t O. Since is an involutive distribntion, it is preserved nnder du^. 
In particnlar, rankX^ is constant along the integral cnrves of X. The assertion follows 
from arbitrariness of X and connectedness oi O. □ 

Corollary 5.2. For every characteristic leaf O, the rank of Xs^\o is either dimC, or 
dimC> + 1 . In the first case, X^lo = D{L\o), while in the second case, is the image 
of a fiat connection in L\q. 

Proof. It immediately follows from Lemma [5. II and snrjectivity of a o : 2,\o —t 

TO. □ 

According to the above corollary, and similarly as for Jacobi bnndles, characteristic 
leaves can be of two different kinds. 

Definition 5.3. A characteristic leaf O is said 

• precontact if rank X^ | ^ = dim 0 + 1, 

• laps if rankX^lc) = dimC. 

Every point in a precontact (resp. Icps) leaf is said a precontact (resp. laps) point. 

Dehnition fl5.3p is motivated by the following 

Proposition 5.4. The 2-form u induces, on every characteristic leaf O, a 2-cochain 
ujo in 

(1) If O is precontact, then uq = —doido ° <l) is the 2-cocycle corresponding to an 
L\o-valued precontact form Oq '■ TO —)■ L\o. 

(2) If O is Icps, then X^lo is the image of a flat connection in L\o, and uq = 

for a Icps structure {L\q,V‘^, u_o) ■ 

Proof. Let C be a characteristic leaf. Then, X^lo is a transitive snbalgebroid in D{L\o). 

(1) Let O be precontact. From Corollary 15.21 = D{L\q), and uq '■= oj\o is a 

2 -cochain in {^}*^^,d£)). A direct compntation shows that 

(dDta)(Ai, A2, A3) = T£(ai, Q!2, D3) = 0, 

for all Oj = G i2|ci, i = 1,2,3. So coq is a 2-cocycle. Hence, from the 

proof of Proposition 13.31 there is 9o as in the statement. 

(2) Now, let O be Icps. From Corollary 15.21 Xfl\Q is the image of a flat connection 

in L\o. Use connection to split D[L\o) as im © (1). The restriction 
wlc) is only dehned on X^lo = imV‘^ bnt can be nniqnely prolonged to a 2 - 
cochain uq in {fllf^^,dD) snch that i-iUJo = 0. It follows that ujq = cr*wc) for 
a nniqne X|o-valned 2-form on O (cf. Remark l3.9p . A direct compntation 
shows that 

(dvok;o)(Ai, A2, A3) = {dDu:){V%V%,V%) = T^{ai,a 2 ,a^) = 0, 
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for all ai = (V^ 
structure on O 




G 2,\oi Xi G TO, i = 1,2,3. So {L\o,X^,uo) is a Icps 


□ 


Remark 5.5. Let {L,2) be a Dirac-Jacobi bundle on M. Dirac-Jacobi structure £ is 
completely determined by distribution and the 2-form uj : A^X^ —>■ L. Specifically, 

(5.1) £ = {(A, V’) : A G X£ and = V'lxfi}- 

Indeed, it is immediate to check that the rhs of fl5.ip contains £ while it is contained 
in the orthogonal complement of £ wrt ((—,—)). 

Equivalently, £ is completely determined by its characteristic foliation equipped with 
the induced precontact/Icps structures on leaves. In more details, let (9 be a character¬ 
istic leaf. By the very dehnition of characteristic foliation, the restricted bundle 2\o can 
be regarded as a subbundle in D(X|o). Actually {L\o,2,\o) is a Dirac-Jacobi bundle. 
Specihcally, Sj\o is the Dirac-Jacobi structure corresponding to ujo if O is precontact 
(see Example 14.7p and to (V‘^,wo) if O is Icps (see Example I4.10p . 

Conversely, let X —?• M be a line bundle, and let X” be a foliation equipped with either 
an X|c)-valued precontact form Qq or a Icps structure (X|o, wc») on each leaf O. 
Foliation X determines a distribution X in DL and a 2-form uj : A^X —)■ X by 

D{L\o) if (9 is a precontact leaf 
im if (9 is a Icps leaf ’ 


X|o = 


Uj\o — 


and 

—dnido ° cr) if is a precontact leaf 
a*uo if is a Icps leaf 

In its turn, pair (X, oj) determines a distribution £ in DX by 

£ := {(A,'0) : A G X and i/\U = '0|x}- 

If £ is a smooth subbundle, we call X a [smooth) precontact/Icps foliation. In this 
case £ is a Dirac-Jacobi structure and X is its characteristic foliation. So Dirac-Jacobi 
bundles are equivalent to precontact/Icps foliations. 


6. On the local structure oe Dirac-Jacobi bundles 


In this section we study the local structure of Dirac-Jacobi bundles around both 
precontact, and Icps points. As a corollary we show that the parity of the dimension 
of precontact (resp. Icps) leaves is locally constant fCorollary 16.41) . We also discuss the 
transverse structures to characteristic leaves fPropositions 16.81 and 16.9p . Our analysis 
parallels that of Dufour and Wade for Dirac manifolds |15j . 

Let X — )■ M be a line bundle. Moreover, let (z*) be coordinates on M and let /i be 
a local basis of r(X). Recall that r(X^X) is locally generated by (dA O p, jV)- Here 
we regard T*M ® L as a vector subbundle in X^X via the embedding T*M ® L ^ J^L 
adjoint to the symbol map a : DL TM (see Remark 14.4p . The adjoint basis of 
[dz^ O /i,iV) ill DerX is (Jj, 1), where di[f p) := §^p, for all / G C°°[M). 
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Theorem 6.1. Let {L,2,) be a Dirac-Jacohi bundle over a smooth manifold M, let 
xq G M, and let O be the leaf of the characteristic foliation Tz through xq. 

If O is laps, then, locally around xq, there are coordinates {x\y°‘) on M, a generator 
fi ofT{L), and there is a basis ofT{2), where i = 1,..., dim (9, and a = 

1 ,..., codim O, such that 

Cii = {hi + Ef6a + Eil, Eijdx^ 0 /i) , 

(6.1) /3“ = {G^’’6b + - E^dx^) 0 /i) , 

/3 = (^—G^Sb, j^/i — Eidx^ 0 /i) , 

with Eij + Eji = = 0. 

On the other hand, if O is precontact, then, locally around Xq, there are coordinates 
{x\y°‘) on M, a generator /i ofV{L), and there is a basis {ai,a,(3°') ofT{2,), where 
i = 1 ,..., dim O, and a = 1,..., codim O, such that 

di = + Efda, Eijdx^ 0 /X - Fjj V) > 

(6.2) a = (l + E^'da, Eidx" 0 p) , 

pa ^ ^ ^ _ E^J^p) , 

with Eij + Eji = = 0. 

Proof. The proof is an adaptation of the proof of [151 Theorem 3.2]. Let O he a Icps 
leaf. Choose coordinates {x\ y°‘) on M aronnd Xq snch that O = {i/“ = 0}, and let p be 
a local generator of r(L) aronnd Xq snch that /x|c) is constant wrt the flat connection 
indnced by £ in L\o (see Proposition 15.411 . In particnlar Xz\o is locally generated 
by ^i\o- So, there is a local basis of r(£), aronnd Xq, of the form 

di (hi T hif 

= (5“, I“), 

7 = ( 5 , ^), 

with Aj|o = □“!£) = Dio = 0. In particnlar, 

Si + Ai = {Sj + Al)Si + a linear combination of (ha, I), 

for some smooth fnnctions Aj (here Sj is the Kronecker symbol). Since A^(xo) = 0, 
matrix ||h^ + A^|| is invertible aronnd xq- Let ||A*|| be its inverse, and pnt cii := Ajaj. 
Then a* is of the form 

di = (hi + a linear combination of (ha, 1) vanishing on O, ki). 
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On another hand, □ are of the form 

□“ = + a linear combination of {6a, 1), 

□ = B^6i + a linear combination of (5a, 1). 

Pnt /3“ = /3“ — and f3 = (3 — B^ai . Then /?“, [3 are of the form 

= (a linear combination of {6a, 1) vanishing on O, h“), 

/3 = {a. linear combination of {6a, 1) vanishing on O, h). 

Moreover, since £ is isotropic, {6i,h°‘)\o = {6i,h)\o = 0. System (jXi, (3°', (3) is a local 
basis of r(£) around Xq. Its representative matrix in the basis (5,, 6a, 1, dx^ 0 fi, dy'^ 0 
of r(DL) is of the form: 


6x 6y, 1 

dx® y 

dy®y,j^y 

Id A 

* 

* 

0 B 

C 

D 


a 

where Id is the identity matrix, and A, B, C vanish at xq. It follows that matrix D is 
invertible at Xq, hence it is invertible around Xq. Put 




= D 


-1 




Finally, let ki be locally given by 

ki = (kijdx^ + kiady’") 0 /i + Kij^y, 

and put 

(Xi (Xi kiaP 

System (aj, (3°', (3) is a local basis of P(£) around Xq. Its representative matrix is of the 
form: 



6 X 6y,l 

dx® y 

dy® y,j^y 

a 

Id E 

E 

0 

fd 

0 G 


Id 


Since £ is isotropic, 

F + F* = G + G* = H + E* = 0, 

where (—)* denotes transposition. This concludes the proof of the first part of the 
statement. 

The proof of the second part is very similar. We report it here for completeness. Let 
O he a precontact leaf. Choose again coordinates {x\ y°') on M, around xq, such that 
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O = = 0}, and let fi be any local generator of r(L) around xq. Thus, there is a 

local basis of r(il), around xq, of the form 

O^i T ^2, ^2)7 
a = (1 + A, k), 

= (5“, P), 


with Ajlo = D^lc) = A|c» = 0. In particular, 


T Aj 
1 + A 


^ + a linear combination of {6a), 


for some function matrix 
Put 


Since M(xo) = 0, matrix Id + fVD is invertible around xo- 


D 2 

a 


= Id + 




Oti 

a 


Then ai,a are of the form 

Di = {6i + a. linear combination of Sa, ki), 
a = (1 + a linear combination of 6a, k). 


On another hand, the □“ are of the form 

□“ = + B°‘i + a linear combination of 6a- 

Put /3“ = Then the are of the form 

l3°‘ = (a linear combination of 6a vanishing on O, h“). 

Moreover, since A is isotropic, {6i, h‘^)\o = 0. System (aj,a,/9“) is a local basis of P(A) 
around Xq. Its representative matrix is of the form: 


6x,'^ 6y 

dx ® y,j^y 

dy ® y 

Id A 

* 

* 

0 E 

C 

D 


where A, B, C vanish at xq. It follows that matrix D is invertible at xq, hence it is 
invertible around Xq. Let ||A^|| be its inverse and put /3“ = A^/9^. Finally, let ki,k be 
locally given by 

ki = {kijdx^ + kiady"") ® y + Kify, 
k = {K'jdx^ + kady’^) ® y-\- Kj^y, 


ai = Ui- kiald^^, 

a = a — kal3°‘. 


and put 






24 


LUCA VITAGLIANO 


System (oj, a, (3°‘) is a local basis of r(il) around xq. Its representative matrix is of the 
form: 



(fj. , 1 Sy 

dx 

dy®ii 

a 

Id E 

F 

0 

(3 

0 G 


Id 


Since £ is isotropic, 

F + F* = G + G* = H + E* = 0. 

This concludes the proof. □ 

Corollary 6.2. Let {L, £) be a Dirac-Jacobi bundle over a manifold M and let O = 
{xo} <Z M be a zero-dimensional laps leaf of the characteristic foliation. Then, around 
Xq, £, = £,j for some (local) Jacobi bracket J : r(L) x r(L) —)■ r(L), vanishing at xq 
(see Example \4.8\ ). 

Proof. Since dimC = 0, it follows from Theorem 16.11 fl6.ip that, locally around Xq, 
there are coordinates (?/“), a generator p of r(L), and a basis (/5“,/9) of r(£), a = 
1 ,..., dim M, such that 

/3 = {-G%, j V) • 

Hence £ fl DL = 0. This concludes the proof. □ 


Corollary 6.3. Let (L, £) be a Dirac-Jacobi bundle over a manifold M and let O = 
{xo} <Z M be a zero-dimensional precontact leaf of the characteristic foliation. Then, 
around Xq, after trivializing L, we have £ = £( 7 r,z) for some (local) homogeneous Poisson 
structure (tt, Z) such that both n and Z vanish at xq (see Example \4.JJl). 


Proof. Since dimC = 0, it follows from Theorem 16.11 fl 6 . 2 p that, locally around Xq, 
there are coordinates (?/“), a generator /i of r(L), and a basis (q;,/ 9“) of r(£), a = 
1 ,..., dim M, such that 

a = {i+E-da, 0 ), 

Now, £ n DL is generated by 1 + E°‘5a which is transversal to the subbundle generated 
by the (5a’s. Upon using /r to identify L with U.m around xq, the assertion follows from 
Proposition 14.121 □ 


Corollary 6.4. Let {L, £) be a Dirac-Jacobi bundle over a manifold M. Then the 
parity of the dimension of precontact (resp. laps) leaves of the characteristic foliation 
is locally constant on M. 
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Proof. Pick a point xq G M and let x be a point in a connected neighborhood of xq where 
£ has one of the forms given by Theorem I6.11 Let O (resp. O') be the characteristic 
leaf through xq (resp. x). If (P and O' are both Icps then 2^ is given by fl6.1|) and 
i'^z)x = iTxO') is spanned by 

<5, + Ef5a + E,i, 

Hence 

dim O' = rank 3 ;X£ = rank^iQ + rank^; G = dim O + rank^; G. 

Since G is a skew-symmetric matrix, it follows that the parity of dim O' and dim O is 
the same. The precontact case can be discussed in a similar way. □ 

Remark 6.5. Locally, the dimension of a Icps leaf and the dimension of a precontact 
leaf have different parities. This can be proved either in a similar way as in the proof of 
Corollary 16.41 or exploiting the Dirac-ization trick (see Remark I A. 8 1 in the Appendix). 

Theorem 16.11 shows also that the regularity of the characteristic foliation on one side 
and that of distribution X^ on the other side are (partially) intertwined. Namely, notice, 
first of all, that when the smooth distribution X^ is regular, is not necessarily a 
regular foliation as the following example shows. 

Example 6.6. Let M = IR, X = Rm, and 2 = V f Example 14.91) . with V C DL = 
TIR X [R the smooth, involutive, vector subbundle generated by xd/dx + 1. Then Xq = V 
which is a vector subbundle, hence a regular distribution, but TEq = (t{Xq) = (xd/dx) 
which has rank zero for x = 0, and rank one otherwise. 

However, when Xc is a regular foliation, then Xq is necessarily a regular distribution. 

Corollary 6.7. Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M. If 
Xc is a regular foliation, then Xq is a regular distribution. In particular, it is a vector 
bundle over each connected component of M. 


Proof. We need to prove that the rank of Xq is locally constant. First prove that 
rankX^ is constant around every precontact point. Thus, let C be a precontact leaf of 
the characteristic distribution, xq G O, and let x be a point in a connected neighborhood 
U of Xq where £ has the form fl 6 . 2 p . Then {Xq)^ is spanned by 

< 5 , + El 1 + E^5a, 


In particular, rank^-X^ = dimO -|- 1 -|- rank^, G, and it can only change in U if the rank 
of G changes. On the other hand XXc = o'(Xq)x is spanned by 


Xx® 


+ Ef 


d 


d 


r^ab ^ 


* dy°'^ dy'^’’ 

and there are two cases. Either E := ||X“||* is in the image of G, and in this case 
dim Ta-Xc = dim C-|-ranka; G, or E is not in the image of G, and in this case dimTa;Xc = 
dim C -|- 1 -|- ranka; G. Since dimTa;Xc is locally constant, we conclude that ranka; G can 
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only change by one in U. However, G is skewsymmetric so that ranka, G is even for all 
X. Hence rank^, G is constant in U and rank^, is constant in U as well. In a similar 
way one can prove that rankXx; is constant aronnd every Icps point. Details are left to 
the reader. □ 

We conclnde this section with one fnrther application of Theorem 16.11 Namely, we 
show that, similarly as for Poisson strnctnres [39], for Jacobi strnctnres [H], and for 
Dirac strnctnres [15], for every Dirac-Jacobi bnndle over M, and every point xq G M, 
there is 

(1) a Jacobi structure transverse to O, if Xq is a Icps point, 

(2) an homogeneous Poisson structure transverse to O, if xo is a precontact point, 
where O is the characteristic leaf throngh xq. 

Proposition 6.8. Let (X, £) be a Dirac-Jacobi bundle over a smooth manifold M, 
let O be a leaf of the characteristic foliation Tz, and let xq G O. Additionally, let 
Q C M be a submanifold transverse to O at xq, with dimQ = codim (P, i.e. xq G Q 
and TxqM = © T^^Q. Locally around xq, 

(1) ifO is a Icps leaf, then 2, induces a Jacobi bracket Jq : r ( X | Q ) xr ( X | Q ) —)■ r ( X | Q ) 
on the restricted line bundle L\q, with {Jq)xo = 0/ 

(2) if O is a precontact leaf, then 2, together with a trivialization of the restricted 
line bundle L\q, induces an homogeneous Poisson structure (ttq, Zq) on Q, with 
{'^q)xo {^q)xo 0- 

Proof. Let Xq be a Icps (resp. precontact) point. First we show that 2 indnces a Dirac- 
Jacobi strnctnre on 2q, at least aronnd Xq. This is a conseqnence of Proposition 18.41 
below, and of Theorem 16.11 Namely, from Example 18.71 it is enongh to check that 
il n {N*Q © L\q) has constant rank aronnd xq (here N*Q is the conormal bundle to 
Q). Thus, choose coordinates around xq as in Theorem 16.11 fl6.ll) (resp. fl6.2p i with the 
additional property that Q = {x* = 0}. Using fl6.ip (resp. fl6.2p L it is straightforward 
to check that £ fl {N*Q © L\q) = 0. Hence £ induces a Dirac-Jacobi structure on £|q 
given by 

£q := G DL\q : G £}, 

where iQ : Q ^ M is the inclusion (see Example 18.71 fl8.3|) for more details). Finally, it 
is easy to see that {xq} is a Icps (resp. precontact) leaf of the characteristic distribution 
of (X|q, 2q). The assertion now follows from Corollary 16.21 (resp. 16.31) . □ 

Similarly as for Poisson [39], Jacobi [H] and Dirac [15] manifolds, the transverse 
structures described in Proposition 16.81 are actually independent of the choice of Q, up 
to isomorphisms, and do only depend on the characteristic leaf O, as explained by the 
following 

Proposition 6.9. Let (X, £) be a Dirac-Jacobi bundle over a smooth manifold M, let O 
be a leaf of the characteristic foliation and let Xq, Xq G O. Additionally, let Q, Q' C 
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M he submanifolds transverse to O at xq^x'q, respectively, with diniQ = dimQ' = 
codim i.e. xq G Q, Xq G Q', and 

( 1 ) if O is a laps leaf, then there are neighborhoods U,U' ofxo,XQ in Q,Q', respec¬ 
tively, and a Jacobi isomorphism {U,L\u, Jq) ~ {U',L\ui, Jqi), where Jq,Jq' 
are the Jacobi structures induced by £ as in Proyosition \6. 

(2) if O is a precontact leaf, and we fix a trivializations of L in a neighborhood of both 
xo and Xq, then there are neighborhoods U, U' of xq, x'q in Q, Q', respectively, and 
an isomorphism of homogeneous Poisson manifolds {U, ttq, Zq) ~ {U', ttq/, Zq/), 
where (ttq, Zq), (ttq/, Zq/) are the homogeneous Poisson structures induced by £,, 
and the fixed trivialization, as in Proposition \6. 8[ f2). 


Proof. If dim (9 = 0 there is nothing to prove. So, assume dim (9 > 0. Then we can 

choose Xq ^ Xq. 

(1) Let O he a Icps leaf. Since O is connected there is no loss of generality if we 
assume that xq, x'q are in the same neighborhood V where £ has the form fl6.ip . 
Additionally, it follows from the proof of Theorem 16.11 that we can choose the 
coordinates {x\y°‘) so that, around xq and x'q, Q = {x* = 0} and Q' = {x' = 
c*}, respectively, where the c*’s are constants. Consider the (local) derivations 
Aj := pr^(aj) = <5* + Ef6a + Eil G T{DL), 7 = 1,..., dim (9. They correspond 
to (local) inhnitesimal automorphisms of L —)■ M. Integrating, and composing 
their flows if necessary, we can construct a (local) automorphism F of L —)■ M, 
mapping L\q Q to L\qi —)• Q' . It remains to show that F : L|q —)■ L|q/ is a 
Jacobi map, i.e. it identihes Jq and Jqi. To see this, consider the skewsymmetric 
bidifferential operator Jy : A^J^L|y —>■ L\v given by: 


Jv 



df dg 

dya Qyb 








where X = fp. and v = gp for some local functions f,g. A direct computation 
shows that the conditions T£(/9“, jS^, fd'^) = 0 are equivalent to Jy being a Jacobi 
structure, and the conditions T, (3^, at) = 0 are equivalent to A* being an 
inhnitesimal Jacobi automorphism. It follows that F:L|y—^-Llyisa Jacobi 
map. Additionally Jy restricts to both Q and Q' and the restrictions agree with 
Jq and Jqi respectively. Hence F : L|q —)■ L|q/ is a Jacobi map as well. 

(2) First of all recall that, according to Dazord, Lichnerowicz and Marie [H], an 
isomorphism of homogeneous Poisson manifolds (M, tt, Z), (M, tt', Z') is a Pois¬ 
son isomorphism F : {M, tt) —)• {M', tt') such that F*Z — Z' is an Hamiltonian 
vector held, i.e. F*Z — Z' = {7i')^{dh) for some function h G C°°{M'). 

Now, go back to the statement and let G be a precontact leaf. Fix once 
for all a nowhere zero section /i of L in a connected neighborhood containing 
both Xq and x'q. This is always possible (e.g., choose an embedded curve 7 
connecting xq and x'q and a nowhere zero section p' of L along 7 . Now extend 
p' to a global section p of L. It follows that p is nowhere zero in a tubular 
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neighborhood of 7). Similarly as above, we can restrict to the case when xq,Xq 
are in the same neighborhood V where £ has the form fl6.2p . and, additionally, 
Q = {x* = 0},Q' = {x® = c®}, for some constants c\ Consider the vector helds 
Xi = {aopT^){ai) = ^ i = l,...dimC>. Integrating them, and 

composing their flows if necessary, we can construct a (local) diffeomorphism 
F : V ^ V mapping Q to Q'. It remains to show that F : Q —)■ Q' is an 
isomorphism of homogeneous Poisson manifolds, i.e. it identihes ttq and ttq/, 
and, additionally, — Zqi = TT^Qi{dh) for some function h G C°°{Q'). To see 

this, consider the bivector vry and the vector held Zy on V given by 


d d 


dy'^ 


Tly = A —, 

,a Qyb 


Zv = 




d 

dya 


A direct computation shows that the conditions T 1 (3^, (3^) = 0 are equiv¬ 
alent to 'Ey being a Poisson bivector, and the conditions T£(/3“,a) = 0 are 
quivalent to CzyEy = —Ey. Hence (Try, Zy) is a homogeneous Poisson structure 
on V. Additionally, conditions T, (3^, at) = 0 are equivalent to X, being an 
inhnitesimal Poisson isomorphism, and conditions T£(/9“,a,aj) = 0 are equiv¬ 
alent to CxiZy = Ey{dFi). It follows that the how of Xi consists of automor¬ 
phisms of the homogeneous Poisson manifold (V, vry, Zy) so that F : V ^ V 
itself is an automorphism of {V,Ey,Zy). Finally, both Ey and Zy restrict to 
Q (resp. Q') and their restrictions agree with eq and Zq (resp. ttq/ and Zq'). 
Hence F : Q —)■ Q' is an isomorphism of homogeneous Poisson manifolds. 

□ 


7. Null distributions, admissible sections and admissible functions 

7.1. Null distributions of a Dirac-Jacobi bundle. Let L ^ M he a line bundle 
and let 0 : TM —)• L be an L-valued precontact form on M. Denote by K the null 
distribution of 9 (see Remark 13.71) . We make the following 

Assumption 7.1. Distribution K is simple and L is the pull-back, along the projection 
E M ^ Afred, of a line bundle Lred Af^d over the leaf space Afred of K. 

If, additionally, a certain cohomology class vanishes (see below), then 9 descends to 
a unique contact form 6*red : —)■ Lj-ed such that 9 = 7r*6*red- Contact manifold 

(Afred, ^red) is the contact reduction {M,9). All the above assumptions are always valid 
locally when K is regular. So, morally, precontact forms are pull-backs of contact forms 
along submersions. 

Similarly, let {L,^/,^) be a Icps structure on a smooth manifold M. Denote by 
K := kerw'® the null distribution of w. Make Assumption 17.11 as above. If a certain 
cohomology class vanishes, then V = 7r*Vred, and w = 7r*Wred for a unique Ics structure 
(Lred, Vred, khed) ou Affed- Lcs manifold (Afred, Fred, Vred, khed) is the Ics reduction of 
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(M, L,V,w). Again all the above assumptions are always valid locally when K is 
regular. So, morally, Icps structures are pull-backs of Ics structures along submersions. 

We can repeat the above discussion for each leaf of a precontact/lcps foliation and 
conclude that, morally, precontact/lcps foliations are pull-backs of contact/lcs foliations 
along submersions. In their turn precontact/lcps foliations are equivalent to Dirac- 
Jacobi bundles (see Remark 15.Sp . and contact/lcs foliations are equivalent to Jacobi 
bundles [22]. So, morally, Dirac-Jacobi bundles are pull-backs of Jacobi bundles along 
submersions. In this section we clarify this claim (see, e.g., [H Section 4.3] for the 
analogous situation in Dirac geometry). 

Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M. There are distin¬ 
guished subdistributions C X£ C DL, and K^, (Z TM, dehned by 

:= 2,(1 DL, and := a(i?£). 

We call Es^ and the null der-distribution and the null distribution of {L,2), re¬ 
spectively. This terminology is motivated by the following remark, which immediately 
follows from fl5.ip . Let O be a characteristic leaf of {L,2). If O is precontact, then 
E£.\o = Kujo distribution of the 2-cocycIe ojo in corresponding to 

the precontact form 6o on O. Hence is the null distribution of 6q (see Remark 

13.711 . On the other hand, if O is Icps, then Esi\o = nimV‘^, and Ks\o = kerw^ is 
the null distribution of the Icps structure (L|o, on O. 

The following remark provides a way how to characterize Dirac-Jacobi structures in 
Examples 14.7114.131 

Remark 7.2. It is straightforward to check the following. 

• When 2 = 2ui for some 2-cocycle u in (D*, do) (Example 14.7p . then Xh consists 
of just one precontact leaf O = M, and uq = oj. Moreover, = K^, and 

is the null distribution of the L-valued precontact form corresponding to u. 

• When 2 = 2j for some Jacobi bracket J : r(L) x r(L) r(L) fExample 14.Sp . 
then Xc is the contact/lcs characteristic foliation of the Jacobi bundle {L,J). 
Hence = 0 and = 0. 

• When 2 = V for some involutive vector subbundle V C DL (Example 

ra . then R is a Lie algebroid and Xc is its characteristic foliation. Moreover, 

= V\o, and oJo = 0 for every characteristic leaf O. Hence = V and 
= TXc. In particular, if V is the image of a flat connection V : TM ^ DL 
in L, then Xc consists of just one Icps leaf O = M and = im V. On the other 
hand, if £ = £ 1 , then Xc is a precontact foliation with zero dimensional leaves. 

• When 2 = for a Icps structure (X, V, w) fExample 14.101) . then Xc consists 
of just one Icps leaf O = M, X^ = im V, and uq = cr*w. Moreover is the 
null distribution of w and Es, is the image via V of X^. 

• When L = Rm and 2 = 2(t,^z) for some homogeneous Poisson structure (tt, X) 
(Example 14.lip , then TXc is spanned by Z and the Hamiltonian vector helds 
wrt TT. In particular, the characteristic leaves are the flowout of the symplectic 













30 


LUCA VITAGLIANO 


leaves of tt along Z. For every symplectic leaf V of tt, the vector field Z is either 
everywhere tangent or everywhere transversal to V . Accordingly, there are two 
kinds of characteristic leaves O of -C( 7 r,z)- Either O = V for some symplectic 
leaf P of TT snch that Z is tangent to V, or (9 is a disjoint nnion of a one- 
parameter family of symplectic leaves of vr, and Z is everywhere transversal to 
the symplectic leaves in the family (in particular, Z\q is everywhere non null). 
In the hrst case, (9 is a precontact leaf (wrt -C( 7 r,z)) and its precontact form 
6 ■. TO ^ IRo is 6* = izOJ, where uj is the symplectic structure induced by vr on 
O. In the second case, is a Icps leaf. Specihcally, is the connection in [Ro 
whose connection 1-form rj := is uniquely determined by the conditions 
1) Tj vanishes on symplectic leaves of vr, and 2) r]{Z) = 1. Moreover, the Icps 
form Wo : A^TO —)■ IRo, is uniquely determined by the conditions 1) wo agrees 
with the symplectic structures induced by tt on symplectic leaves of vr, and 2) 
= 0. Finally is spanned by Z. 

• When L = [Rjvr and £, = C for some standard Dirac structure C fExample 14.13p . 
then is the presymplectic foliation of £ [H Section 4.2]. This means that all 
leaves O are Icps. In more details, is the trivial connection in [Ro, wo is the 
presymplectic structure on O induced by £, and iF^lo is its null distribution, 
for every leaf O. 

The rank of the null der-distribution is an upper-semicontinuous function. Hence, 
if Ex; is smooth then it is also regular. On the other hand, the null distribution K^, 
may well be smooth, without being regular, as Example 16.61 above shows. In that case 
= X 2 = V which is smooth, while = o'(H) = TJh; which is smooth but not 
regular. So, even when E^ is a vector bundle, is not necessarily regular. However, 
when Ex; is regular, then E^ is necessarily regular, according to the following 

Proposition 7.3. Let {L, £) be a Dirac-Jacobi bundle over a smooth manifold M. If 
the null distribution E^ is regular, so is the null der-distribution E^. In particular, both 
Ef; and Eq are vector bundles over each connected component of M. 

Proof. The statement follows from Theorem 16.11 Recall that we dehned Xst := pr^'C, 
and let w : h?Xst -A L, be the bilinear form induced by £. Notice preliminarily that 

(7.1) Ex; = {A G Xx; : i/\UJ = 0}. 

Now, hrst prove that rank Ex; is constant around every point of a precontact characteris¬ 
tic leaf O. Thus, let Xq E O and let x be a point in a neighborhood U of Xq where £ has 
the form fl6.2p and, additionally, the rank of Ex; is constant in U. An easy computation 
shows that 

(7.2) (Ex;),, = {W(hx + EfhJ + E(1 + E^6a) : F ■ X = 0} 
where we denote X := ||E*,E||h Hence, 

rankj, E^ = dim O + 1 — rankj, F. 
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It follows from 


that 


(7-3) (AU. = {a- (I- + + A£«A . F . X = 0 

Now, distinguish two cases: 

Case I: E := ||E“(a;)|| 7 ^ 0. In this case, 

d d d 

— + Ef —, and E“— 

fix* dy^ dy°- 

are linearly independent. Hence 

ranks; Kst = dim O + 1 — ranks; F. 

Case II: E := \\E°'(x)\\ = 0. In this case 


(Ao), =.; A'-1 A + £)« ® 


: F-X = 0^ 


* dy'^ 

and there are two possibilities: 

• Case Ila: E = 0 and F := ||Fj(x)|| 7 ^ 0. Then the kernel of projection X 1 —)■ ||X® 
does not intersect kerF and 


ranks; = dim O + 1 — ranks; F, 

again. 

• Case Ilb: E = 0 and F := ||Ej(x)|| = 0. Then kerF contains the kernel of 
projection X 1 —)■ ||X*|| and 

ranks; = dim O — ranks; F. 

Since F is a skew-symmetric matrix, its rank is even. So Case lib (on one side) and 
Case I or Ila (on the other side) cannot occur simultaneously for two different points 
x,x' in U, if ranki^£ is to be constant in U. Hence either 

ranks; K^, = dim O + 1 — ranks; F = ranks 


or 

ranks = dim O — ranks F = ranks — 1, 
for all X G H. In any case, rank E^ is constant in U. 

It remains to prove that rank E^ is constant around every point of a Icps chracteristic 
leaf O. This case is simpler. Let xq G (9 and let x be a point in a neighborhood of xq 
where £ has the form fl 6 .ip . and, additionally, rankE^ is constant in U. Then 

(E£)s = {X\6, + E-6a + EJ) : F ■ X = 0}, 
where X = ||X*||. Hence ranks E^ = dim (9 — ranks F. On another hand, 

A)-{a‘(|7 + U“|,):F.X = o}. 

Hence ranks = dim O — ranks F = ranks E^. This concludes the proof. 
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□ 

Remark 7.4. Suppose that the null distribution is regular, so that the null der- 
distribution is regular as well. It is easy to see that Case Ilb in the proof of 
Proposition 17.31 occurs precisely when (1,0) G r(£) (use E = F = 0 in fl6.2p b Hence 
the same proof shows that, when is regular, (in each connected component of M) 
there are only two possibilities: 

• (lx, 0) ^ fix for any x G M, and rankE^ = rankiP^, or 

• there are only precontact leaves, (1,0) G r(il), and rankE^ = rankiP^ + 1. 

When the second case occurs, then C T*M O L = (1)°. 

7.2. Jacobi reduction of Dirac-Jacobi bundles. Let (X, £) be a Dirac-Jacobi bun¬ 
dle over a smooth manifold M. In the following, we denote by JiX —)■ M the bundle 
of hrst order differential operators L —)■ Rm- It is the dual vector bundle of J^L, and 
JiX ® L = DL. Moreover, denote by a* : T*M —)■ (DL)* = J^L ® L* the dual map 
of the symbol a : DL TM. In other words, a* is obtained from the embedding 
T*M ® L J^L tensoring by L*. 

Definition 7.5. A (possibly local) section A G r(X) is admissible for the Dirac-Jacobi 
structure £ if there exists A G DerX such that (A,j^A) G r(£). Derivation A is 
called Hamiltonian. The space of admissible sections is denoted by radm(X)- Simi¬ 
larly, a function / G C°°{M) is admissible for £ if there exists F G r(JiX) such that 
(F, a*{df)) G r(£ ® L*) C DX ® L* = JiL © (DL)*. Differential operator F is called 
Hamiltonian. The space of admissible functions is denoted by C^j^(M). 

Remark 7.6. The Hamiltonian derivation (resp. differential operator) associated to 
an admissible section (resp. function) is not uniquely determined. Namely, it can be 
changed by adding any (smooth) section of (resp. Ks^). 

Proposition 7.7. The pair (C'X(M), radm(X)) is a Jacobi module in the sense that 

( 1 ) is a commutative, associative, unital algebra, and radm(X) is a 
C^raW)-module, 

(2) radm(X) is a Lie algebra and is a radm(X)-modrt/e, 

(3) the action A i—)■ X\ o/radm(X) on C'^j^(M) satisfies 

(7.4) X,ifg) = fX,ig)+gX,if) 

for all A G radm(X), and f,g e i.e. radm(X) acts on C^^{M) by 

derivations, 

(4) the Lie bracket { —, —} on radm(X) satisfies 

(7.5) {A,//i} = XA(/)/i + /{A,/i}, 

for all A,/i G radm(X), and f G F^j^(M), i.e. { —, —} is a first order, differential 
operator with scalar-type symbol in each entry. 
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Proof. The product of two admissible functions /, g is admissible as well. Indeed, let 
F, G : DL —)■ Rm be linear maps such that {F, a*{df)), {G, a*{dg)) G r(£ ® L*). Since 
a*d{fg) = fa*{dg)+ga*{df), then {fG+gF,a*d{fg)) G r(£(8)L*) as well. Similarly, the 
product of an admissible fnnction times an admissible section is an admissible section 
as well. Next, let A, fi be admissible sections and let / be an admissible fnnction. Dehne 

{X,fi} := A(/i), 

with (A, j^A) G r(£). Well-posedness follows from Lemma fhEl Skew-symmetry follows 
from isotropy, and the Jacobi identity follows from involntivity of £. Similarly, dehne 


A,(/) :=a(A)(/). 


The same arguments as above show that correspondence A i—)■ Xx is a well-dehned 
Lie-algebra action. Identities fl7.4p . fl7.5p are straightforward. Details are left to the 
reader. □ 


Lemma 7.8. Let A (resp. f) be an admissible section (resp. function), and let x G M . 
Then □(A) = 0 (resp. X{f) = 0) for all □ G {E£,)x (resp. X G {Ksf)x). 

Proof. Let A, x and □ be as in the statement, then (A, j^A) G r(£) for some A G DerL 
and (□,0) G £. Hence □(A) = (□,j^A) = (((Aj., j^A), (□, 0))) = 0 by isotropy of £. 
Similarly for admissible fnnctions. □ 

When is a regular distribution. Lemma 17.81 can be inverted giving the following 

Proposition 7.9. Let be a regular distribution. A section X of L (resp. a function f 
on M) is admissible iffD{X) = 0 for all □ G T{Esi) (resp. X{f) =0 for all X G T{Ksf)). 

Proof. The “only if part” of the statement follows from Lemma 17.81 For the “if part”, 
recall that, in view of Proposition 17.31 when is regular, E^^ is regular as well. Hence, 
in view of the second of fl4.7p . prji(A) is a regular distribution in J^L. Now, □(A) = 0 
for all □ G r(i?£) tells us that j^X is a section of the annihilator of and, from (14.71) 
again, there is a section a of £ such that prji(Q!) = jA, whence a = (A, j^A) for some 
A G DerL. Similarly for admissible fnnctions. □ 

Now recall that, when is a regnlar distribntion, then, in each connected component 
of M, either (1,0) G r(£) and, in this case, rankF'^ = rankiP^ -|- 1, or (1^,0) ^ £ 3 , for 
any x G M, and, in this case, ranki?^ = rankiP^ fRemark 17.41) . Hence we have the 
following 

Corollary 7.10. Let be a regular distribution. In each connected component of M, 
i/ (1,0) G r(£), then there are no admissible sections, otherwise there is a canonical 
Ks^-connection in L, and a section of L is admissible iff it is -constant. 

Proof. If (1,0) G r(£) then prji(£) C T*M®L and there cannot be admissible sections. 
Otherwise rankF^^ = rankiP^, hence E^, is the image of a flat iP^-connection in L. 
The last part of the statement is obvious. □ 
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Example 7.11. Let £ = £ 1 . Then = (1), and = 0. Hence every function is 
admissible but there are no admissible sections. This simple example shows that the 
situation here is slightly different from that in Dirac geometry. Namely, under similar 
regularity conditions, a Dirac structure does always possess admissible functions, while 
Dirac-Jacobi structures may not possess admissible sections. 

Remark 7.12. Let be a regular distribution. The case (1,0) G r(ii) is exceptional 
and can be completely characterized as follows. First of all, if (1,0) E r(£), then all 
characteristic leaves O are precontact, moreover 1 G r(Xs^) and Remark 13.41 shows that 
da, and hence uJa, vanish. It follows that = TJ^z- So £ = R © for some Lie 
subalgebroid V C DL such that 1 G r(R) (see Example 14.91 and the third item in 
Remark 17.2p . 

Now on, in this section, we assume that is regular and (1,0) ^ r(£). Moreover, 
we make the following 

Assumption 7.13. 

(1) Distribution iF^ is simple, i.e. its leaf space Mred is a smooth manifold and the 
projection vr : M —)■ Mred is a submersion. 

(2) Line bundle L is isomorphic to the pull-back bundle 7r*Lred for some line bundle 

Lred t iH]-ed- 

From Assumption I7.13h li and Proposition 17.91 admissible functions identify with 
functions on Mred- Similarly, we would like to use Assumption I7.13l f2) to identify 
admissible sections with sections of Fred- However, for sections the situation is slightly 
more delicate. From Corollary 17.101 admissible sections are V^-constant sections of L. 
Denote by 0 : L —)■ 71 * the isomorphism in the Assumption l7.13R 2). Isomorphism 0 
induces another LF^-connection in L characterized by the property that V^-constant 
sections correspond to pull-back sections vr^Ared via 0, with Ared G r(Lred)- Hence the 
composition of the pull-back followed by 0“^ identihes sections of Fred with V^-constant 
sections. In general, and the difference A := : iF^ —)■ DL is a 

1-form on with values in the vector bundle of endomorphisms of F. In its turn, the 
bundle of endomorphisms of F is the trivial line bundle generated by 1, hence A can 
be regarded as a section of K^. Since both and are flat connections, A is a 
1-cocycle in the de Rham complex of the Lie algebroid iF^: 

0-^ C^{M) —^ F(iF*) —^ r(A2iF*) —^ • • • . 

Assume that the cohomology class of A in F(A*iF£) vanishes. Then connection 
is trivial in the following sense: there exists an(other) isomorphism L ~ vr*Fred which 
identify -constant sections with pull-back sections. To see this, let A = for 

some function /. The required isomorphism is the composition ip : L ^ TT*L.reA of 

: F —)■ F, A I—)■ ek\ followed by 0 : F —)■ 7r*Fred- Summarizing, the composition of 
the pull-back followed by 0“^ identihes sections of F^d with admissible sections, and 
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Proposition 17.71 reveals that line bundle Lred equipped with the bracket } is a 

Jacobi bundle. We have thus proved the following 


Proposition 7.14. Let (P,-C) be a Dirac-Jacobi bundle with regular null distribution, 
and (1,0) ^ r('C)- Under assumption \ 7.1J\ and the condition A = dK^-f for some 
f G Lred is a Jacobi bundle and there is an isomorphism of line bundles 

L ~ 7r*Lred identifying sections of Lred with admissible sections of L and the Jacobi 
bracket on r(Lred) with the Jacobi bracket on radm(L). 


In the generic case, i.e. K^, regular but not simple, both Assumption 17.131 and the 
assumption A = d^^f are still valid locally, but they may fail to be valid globally. 
However, M is globally equipped with a Jacobi structure tranverse to that we now 
describe. 

Consider the short exact sequence 
(7.6) 0 —> DL —^ D^L —^ 0. 

where D^L := DL/ im V^. Sections of D^L should be interpreted as derivations of 
L transverse to K^. Similarly, sections of the tensor product J^L := {D^L)* ® L* = 
JiL /should be interpreted as first order differential operators r(L) C°°{M) 
transverse to Kst- 

Now, let be a submanifold of M complementary to i.e. such that = 

TxN © {Ksfjx for all x E N. Any A G T{D^L) can be restricted to N to give a genuine 
derivation of L\n as follows. Let A = A + im V^, with A G DerL. Moreover, let A be 
a section of Ll^r and let A be a section of L such that X\n = A, at least locally around 
a point X E N. Put 

(A|^(A)), := (A(A)),r. 

It is easy to see that AIat : P(L|Ar) —)■ P(L|Ar) is a well dehned derivation. Sections of 
JfL can be restricted to A in a similar way. 


Proposition 7.15. Let (L, £) be a Dirac-Jacobi bundle with regular null distribution, 
and (1,0) ^ P(-C). Dirac-Jacobi structure £ induces a canonical section J^ of A^JfL<^ 
L. Moreover, for every submanifold N of M complementary to J-*- restricts to a 
Jacobi bracket , —}isf on P(L|Ar). 

Proof. From the proof of Corollary 17.101 the image of Vk is So, the dual of sequence 

07.61) tensor L looks 

0 ^— Kl®Li — J^Li — Eli — 0 . 

From 04.7p . we have El = prji£. Recall that JfL = JiL/{Ks^ 0 L*) = {El)*. Hence a 
section of A^JfL 0 L is the same as a morphism 

A^(prji£) —t L. 
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Thus, let be sections of prjiH. There are A, □ G DerL such that (A,<y 9 ), (□,'0) G 
r(£). Put 

(7.7) 

Morphism J-*“ : (prjiA)®^ —)■ L is obviously well defined. Moreover, since £ is isotropic, 
J-*- is skew-symmetric. This proves the first part of the Proposition. 

For the second part, let A C M be a submanifold complementary to Restrict 
J"*" to N in the obvious way to get a skew-symmetric, hrst order, bidifferential operator 
~}n on sections of L\n. Every section of L\n can be extended, locally around any 
point of N, to a V^-constant, hence admissible, local section of L, and 

{AIat, pIatIat = {A,p}|Ar 

for all admissible, local sections A, p of L defined around N, where , —} is the Jacobi 
bracket of admissible sections. The Jacobi identity for { —, —}n now follows from the 
Jacobi identity for □ 

Remark 7.16. Any submanifold N <Z M complementary to can be locally under¬ 
stood as (the image of) a section of the projection M —)■ Mj-ed onto the leaf space of K^- 
The proof of Proposition 17.151 then shows that { —, —}n is the pull-back of the Jacobi 
bracket on P(Li.ed)- 


8. Morphisms of Dirac-Jacobi bundles 

Let (M, C) and (M', C) be precontact manifolds. A morphism of precontact manifolds 
f : (M, C) {M', C) is a smooth map f : M ^ M' such that df{C) C C. In 
particular, df induces a morphism of line bundles F : TM/C —)■ TM'/C over /. As it 
will be clear from what follows, it is in practice useful demanding, additionally, that F is 
a morphism in the category VB’’®® (see Section|2]), i.e. it is an isomorphism on hbers (this 
choice excludes, for instance, the embedding of a line, with the zero rank distribution, 
as an integral manifold in a contact manifold, from morphisms of precontact manifolds). 
In terms of the precontact forms 0 : TM —)■ TM/C and 6 ’ : TM' —)■ TM'/C a morphism 
of precontact manifolds is a regular morphism of line bundles F : TM/C —)■ TM'/C 
over a smooth map f : M ^ M' such that 9' o df = F o 9. On another hand, let 
(L, { —, —}) and (L', { —, —}') be Jacobi bundles over manifolds M and M' respectively. 
A morphism of Jacobi bundles or, shortly, a Jacobi morphism, is a regular morphism 
F : L ^ L' such that {F*X',F*pi'} = F*{\',p!}' for all A',p' G T{L'). The two notions 
of morphism of precontact manifold, and Jacobi morphism, do not agree on contact 
manifolds. Hence, similarly as for Dirac manifolds, there are two distinct notions of 
morphisms of Dirac-Jacobi bundles. What follows in this section parallels [H Section 5] 
(see also 0). However, morphisms of Dirac-Jacobi bundles exhibit a few novel features 
which make discussing them slightly more complicated than discussing morphisms of 
standard Dirac manifolds. 
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8.1. Backward Dirac-Jacobi morphisms. Similarly as for Dirac manifolds, under 
suitable regularity conditions, a Dirac-Jacobi structure can be pulled-back along a reg¬ 
ular morphism of line bundles. Namely, let L —)■ M and L' —)■ M' be line bundles, and 
let F : L —)■ L' be a regular vector bundle morphism over a smooth map F : M —)■ M'. 
Additionally, let £' be a Dirac-Jacobi structure on L'. 

Definition 8.1. The backward image of 2! along F is the, non-necessarily regular, 
distribution in DL dehned as: 


:= {(A,FV) : (F.A^tP') G £'} C DL. 

Definition 8.2. A backward Dirac-Jacobi map F : (L, £) —)• (L', £') between Dirac- 
Jacobi bundles is a regular morphism of line bundles F : L —)■ L' such that £ = 

Remark 8.3. Let T^? be the distribution in DL©F*(DL') dehned by 
Tf := (A', V’O) : A' = F*A and = FV}- 

Clearly, T^t’ is the kernel of the smooth vector bundle epimorphism 

DL © F*(DL') ^ J^L © F*{DL'), ((A, fj), (A', fj')) ^ {ip - F^, F,A - A’). 

Hence it is a smooth vector bundle (of rank dimM + dimM' + 2). Notice that ^f{2') is 
the image of Ti? fl F*£' under projection DL © F*(DL') —)■ DL onto the hrst summand. 
It is easy to see that the kernel of surjection T^ fl F*2' —)■ 03consists of points in 
DL©F*(DL') of the form ((0, 0), (0, ip')), with (0, ip') G and F*ip' = 0. Summarizing, 
there is a short (point wise) exact sequence 

(8.1) 0 —^ ker j^F n F*2' ^ T^. n F*2' —^ ^f{2') —^ 0, 

where the second arrow is inclusion F*(DL') DL © F*(DL'), and the third arrow is 
projection DL©F*(DL') —> DL. Finally, ^f{2') is a maximal isotropic distribution in 
DL. To see this, let x G M. Upon selecting a generator /i in L^. and the generator F(/i) 
in Lf_{x), maximal isotropy of ^f{2') immediately follows from [H Proposition 5.1]. In 
particular ^f{2 ') has constant rank. 

Proposition 8.4. //rank(ker j^FnF*£') is constant, then the backward image ^f{ 2') 
is a vector subbundle o/DL. In this case, (L, 1Bf(£0) Dirac-Jacobi bundle. 

Definition 8.5. Let L ^ M and L' —)■ M' be line bundles and let F : L —)■ L' 
be a regular morphism of line bundles over a smooth map F : M —)■ M'. A section 
a = {A, ip) of DL and a section a' = {A', ip') of DL' are F-related if ip = F*ip' and, 
additionally, A and A' are F-related. 


Proof of Proposition 8.4 The proof is an adaptation of the analogous proof for the 
Dirac case [H Proof of Proposition 5.9], and it is very similar to that one. We report 
it for completeness. Let rank(ker j^F fl F*£') be constant. Since rankQ3ir(£') is also 
constant, then, from fl8.ip . rankP^ n F*£' is constant as well. Hence Tf fi F*£' is a 
vector bundle, and so is 03^^(il'). It remains to prove that lBi?(£') is involutive. To see 
this, it is useful to prove the following 
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Lemma 8 . 6 . Let xq E M be a point such that the rank of dF and the rank of kei j^Fn 

F*2,' are constant around xq. Then, for every ao G there exist a local section 

a of^pi^') and a local section a' of 2! such that = Q^o and, additionally, a and a' 
are F-related. 

Proof of Lemma \8. (K Let Xo be as in the statement and let r := rankaj^ dF. Then we 
can choose coordinates ... ,x^) in M, centered in xq, and coordinates {y^,... ,y‘^) 
in M', centered in yo := F{xo), such that F_ looks like 

(8.2) F(x\ ..., a:’") ^ ..., 0,..., 0), 

around xq. Moreover, let /i' be a local generator of r(L') around y^. Finally let S 
be the submanifold in M dehned by x'^^^ = • ■ ■ = x"* = 0 so that F establishes 
a (local) diffeomorphism F : S' ^ S" = imF = = ••• = ?/"' = 0}. Hence 

F |5 : L\s —)■ L'\s' is an isomorphism over F]s : S ^ S'. In order to hnd a and a' as in 

the statement, hrst extend to a local section as = (A 5 , fjs) of f 8 i 7 ’(£')|s, and use the 
isomorphism F\s to hnd a section a's = (A'^y'ip's) of £'| 5 ' such that {'ips)x = S'*{'f’s)F{x) 
and F*(Aj,) = (A' 5 )£(a,) for all x G S'. Next, using fl8.2p . extend As to a section A of DL 
such that F*(Aa;) = (A'^)£(a;) for all x in a neighborhood of Xq. Then a := {A,F*'ip'g) 
is a section of Q3i?(£') and ax^ = ao- Finally, extend a'g to a section of 2' in any way 
and notice that a, a' are F-related. □ 

Now, we are ready to prove that ®^(i2') is involutive. Let T be its Courant-Jacobi 
tensor. We want to show that T = 0. To see this, hrst compute T at a point Xq as in the 
hypothesis of Lemma 18^ Thus, let (ai)o G Q 3 i 7 (A')a;o, and let a, be sections of fSF{2'), 
and a' sections of 2', such that {ai)xo = (ai)o and a*, a' are F-related, i = 1,2, 3. Then 
it is easy to see from fl 2 .ip that 

T('(('ai)o) (“2)0, (“3)0) = Tf'(«i, 02, Oiz)xo = “2; (^'z)f(xo) = 0 , 

i.e. T vanishes at all points Xq as in the statement of Lemma [8.61 Since such points are 
dense in M, it follows that T vanishes everywhere. □ 

In analogy with the Dirac case, we call clean intersection condition, the condition 
that ker j^FnF*£' has constant rank (see [U Section 5]). Clearly, it always holds when 
2 ' = Aoj for some 2 -cocycle u in (D*/, dp). 

Example 8.7. Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M, and 
let F : S' M be the inclusion of a submanifold. Equip S with the restricted line 
bundle L\s and let F : LI 5 L be the inclusion. Now kerj^F is the annihilator 
D{L\s)^ of D{L\s) in {J^L)\s. It is easy to see that, actually, D{L\s)^ = N*S <S) L\s C 
T*M\s <S) L\s C {J^L)\s, where N*S is the conormal bundle to S. Hence the clean 
intersection condition reads: 2 fl {N*S ^ L\s) has constant rank. If this condition is 
satished, then L\s inherits a Dirac-Jacobi structure 

(8.3) ^f{2) = {(A, F» G DL\s : (A, 'i^) G A}, 
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(cf. [HI Section 3.1]). For instance, let be a regular distribution, and let S' C M be 
a submanifold complementary to (see Subsection 17.21) . Then, £ fl {N*S 0 L\s) = 0 
and the clean intersection condition is automatically satished. Indeed a form r] G 
£ n {N*S L\s) annihilates tangent vectors to S. Being in £, rj does also annihilate 
tangent vectors in iF^. Since iF^I^ and TS span the whole TM\s, it follows that rj = 0. 
Under the additional assumption that (1,0) ^ r(£), the backward image is 

precisely the Dirac-Jacobi structure corresponding to the bracket { —, —induced by 
£ on r(L| 5 ) fProposition 17.15() . Indeed, ®f(£) H DL\s consists of points in £[5 of the 
form (A,0) with ct(A) e TS. But, from (A,0) G £, we also get ct(A) G iF^, hence 
ct(A) = 0, and from (1,0) ^ r(£), we get A = 0. So, from fl4.13p . ®f(£) is the Dirac- 
Jacobi structure corresponding to a Jacobi bracket That { —, —} = { —, — 

now follows from fl7.7p . 

8.2. Forward Dirac-Jacobi morphisms. Under suitable regularity conditions, a 
Dirac-Jacobi structure can be pushed-forward along a regular morphism of line bundles. 
Namely, let L —)■ M and L' —)■ M' be line bundles, and let F : L —)■ L' be a regular 
morphism of line bundles over a smooth map F : M —)■ M'. Additionally, let £ be a 
Dirac-Jacobi structure on L. 

Definition 8.8. The forward image of £ along F is the, non-necessarily regular, dis¬ 
tribution in F*DL' dehned as: 

:= {(i".A,V^') : ((A,FV) e £'} C F*(DL). 

Definition 8.9. A forward Dirac-Jacobi map F : (L, £) —)■ (F, £') between Dirac- 
Jacobi bundles is a regular morphism of line bundles F : L —)■ L' such that 5 f('2) = 
F*£'. 

Clearly, an isomorphism F : L —)■ L' over a diffeomorphism F : M —)■ M' is a forward 
Dirac-Jacobi map iff it is a backward Dirac-Jacobi map, and this happens iff 

(F,A, {F-^f)) G £' for all (A,i/>) G £. 

So the two notions of Dirac-Jacobi maps agree for isomorphisms. An isomorphism which 
is (either a backward or a forward) Dirac-Jacobi map is a Dirac-Jacobi isomorphism. 

Remark 8.10. The forward image (?f(£) is the image of Ti? fl £ under projection 
DL©F*(DF) —)■ F*(DF) onto the second summand. It is easy to see that the kernel of 
surjection Tj?F('2) consists of points in DL©F*(DL') of the form ((A, 0), (0, 0)), 
with (A, 0) G £, and F*A = 0. Summarizing, there is a short (point wise) exact 
sequence 

(8.4) 0 — y ker dpF n £ — y Tf n £ — y ^p{Sfj — y 0, 

where the second arrow is inclusion DL ^ DL © F*(DL') and the third arrow is 
projection DL©F*(DL') —)■ F*(DL'). Finally, 5 ^f(' 2) is a maximal isotropic distribution 
in DL. This follows from [H Proposition 5.1] similarly as for backward images. In 
particular ^p{2) has constant rank. 
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In order to check whether or not the forward image does actually determine a Dirac 
structure on M' one should check two things: hrst, whether or not 5 f(' 2) is a vector 
subbundle of F*{DL), and second, whether or not descends to a vector subbundle 

of DL. The first issue is addressed in the following 

Proposition 8.11. //rank(ker H £) is constant, then the forward image ^f{^) is 
a vector subbundle of F*{DL'). 

Proof. It immediately follows from flS.ip by a similar argument as that in the proof of 
Proposition 18.41 □ 

We call clean intersection condition, the condition that ker doFnH has constant rank. 
Clearly, it always holds when 2, = 2jj for some Jacobi bundle (L, J) over M. 

Remark 8.12. The clean intersection condition is equivalent to the condition that 
kerdF n has constant rank. Indeed, kerd^F maps pointwise isomorphically onto 
ker dF under the symbol map a : DL —)■ TM. Hence ker d^Fflil = ker d^FflF^ maps 
pointwise isomorphically onto kerdF fl F^. In particular, kerd^F fl il has constant 
rank iff so does ker dF fl F^. 

Next issue is addressed as follows. The hber dF{2)x of over a point x G M is 

a subspace in the hber of F*(DL') over x. The latter is the hber D£( 3 .)L' of DL' over 
F(x). Hence, as for standard Dirac structures, it is natural to give the following 

Definition 8.13. Dirac-Jacobi structure £ is F-invariant if l^F(£)a: is independent of 
the choice of x in a hber of F. 

Now, suppose for a moment that rankdF is constant. Then the image of F is locally 
a submanifold. If £ satishes the clean intersection condition wrt F, and, additionally, 
it is F-invariant, then 5 ^f(£) descends to a vector subbundle of DL' (over every smooth 
piece of F(M)) whose hber at F(x) is l^F(£)a:, x G M. In particular, in order to get a 
vector subbundle of DL' over the whole M', we need F to be a surjective submersion. 
Even more, we have the following 

Proposition 8.14. Let F : M —)■ ilL' be a surjective submersion. //rank(ker d^F fl £) 
is constant, and £ is F-invariant, then the forward image 5f(£) descends to a Dirac- 
Jacobi structure on L'. 

Proof. The clean intersection condition and the F-invariance guarantee that 5 ^f(£) is 
a vector bundle descending to a maximal isotropic vector subbundle of DL'. Denote 
it by £'. It remains to prove that £' is involutive. This can be done similarly as in 
Proposition 18.41 and [H Proposition 5.9]. Details are left to the reader. □ 

Example 8.15. Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M, and 
let Ljv ^ F be a line bundle. Moreover, let F : L —)• L^r be a regular morphism 
of line bundles over a surjective submersion F : M —)■ F with connected hbers, such 
that kerdF C F^. In this case, the clean intersection condition holds, without further 
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assumptions, in view of Remark 18.121 Moreover, if, additionally, ker doF C £, then £ 
is F-invariant. To see this, hrst notice that the Lie derivative £□ along a derivation 
□ G T{keTdoF) C DerL preserves sections of Namely, let (A,!/;) G r(DL), and put 
£n(A,'0) := ([□, A], £□'0)- Then £n(A,'0) G r(A) for all (A,'0) G £(£). Indeed 

CaiA,^p) = ([^A],/:^!^) = [(0,0), (A, 1^)]. 

In its turn, since (□, 0) G Tikei doF) C D, then [(□, 0), (A, -^)] vanishes by involutivity 
of £. In particular, £ is preserved by the flow of □, for all □ G T{ker d^F). Hence, 
since hbers of F are connected, for any x, x' in the same F-£ber, there is a Dirac-Jacobi 
isomorphism G : L ^ L, over a diffeomorphism G : M ^ M, such that G maps x to 
x' and, additionally, G is F-vertical, i.e. F o G = F. It is now easy to see that 

= {(i"*A,V>') : (A,F>') G 
= {((F o G)*A', V'O : (A', (F o G)>') G £,} 

= 5fog(A)x = 

so that £ is F-invariant. Hence 5 f(£) descends to a Dirac-Jacobi structure on L^- 
Denote it by £Ar. By construction F^^ = 2,^ H DLj^f = {dj:,F){E^). For instance, let 
kerdjjF = F^, so that kerdF = This means that distribution is simple, its 
leaf space in F, and F : M —)■ F is the natural projection. Additionally, (1,0) ^ r(£) 
and the canonical (ker dF)-connection in L = F_*Ln is the one induced by £ (see 
Subection I7.2p . Hence 2n is the Dirac-Jacobi structure corresponding to the Jacobi 
bundle induced on F by (T,£). Clearly F : (L, £) —)■ (£v,La) is both a forward 
Dirac-Jacobi map and, from Example 18.71 a backward Dirac-Jacobi map. 

Remark 8.16. The two conditions ker dF C F^, and ker d^F C £ appearing in Exam¬ 
ple [H]T5] are not equivalent. While from ker d^F C £ immediately follows ker dF c F^, 
the converse is not true. For instance, let M = IR^, L = [Rjvr and let £ = £v, where 

V is any flat connection in L. So F^ is the image of V and F^ = TM. In particular 
kerdF C F^ for any F. Now let F consist of one point *, Ljsf = [R{*} —?• F = {*}, and 
let F : M X IR —)■ [R{*} = IR be the projection onto the second factor. It is easy to see 
that kerdi^F is the image of the canonical trivial connection Vo in L. Hence, unless 

V = Vo, the kernel of doF is not contained into £. 

9. COISOTROPIC EMBEDDINGS OF DIRAC-JACOBI BUNDLES 

Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M, and let S' C M be 
a submanifold. The inclusion t : L\s ^ L of the restricted line bundle is a regular 
morphism. Hence £ induces a Dirac-Jacobi structure f8t(£) on (up to a clean 
intersection condition, see Subsection 18.11) . When £ is the Dirac-Jacobi structure cor¬ 
responding to a precontact form d : TM —)• L, then 53i(£) is the Dirac-Jacobi structure 
corresponding to the pull-back precontact form i*6 : TS* —?■ L\s- On the other hand, 
when £ is the Dirac-Jacobi structure corresponding to a Jacobi bracket } on T, in 
general iBt(£) does not correspond to a Jacobi bracket on L\s. In other words, Jacobi 
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brackets “do not pass to submanifolds” and we need to work in the general setting of 
Dirac-Jacobi bundles when dealing with submanifolds in a Jacobi manifold. 

Coisotropic submanifolds are of a special interest. In Poisson geometry, they model 
hrst class constraints of Hamiltonian systems. Moreover the graph of a Poisson mor¬ 
phism is a coisotropic submanifold is a suitable product Poisson manifold. Similar 
considerations hold in Jacobi geometry. For instance the graph of a Jacobi map is a 
coisotropic submanifold in a suitable product Jacobi manifold [TU] . 

Now, any presymplectic manifold can be coisotropically embedded in a symplectic 
manifold iff the null distribution is regular, and the coisotropic embedding is essentially 
unique. This classical result, due to Gotay (see [16] for details), plays an important 
role in symplectic geometry. For instance, Gotay’s Theorem can be used to show that 
deformations of a coisotropic submanifold S' in a symplectic manifold are controlled 
by an Loo-algebra depending only on the intrinsic presymplectic geometry of S [31] . 
There is a contact version of Gotay’s Theorem stating that any precontact manifold 
can be coisotropically embedded in a contact manifold iff the null distribution is regular, 
and the coisotropic embedding is essentially unique. One can use the latter result to 
study deformations of a coisotropic submanifold in a contact manifold (see [25] for more 
details). Similarly, any Dirac manifold can be regarded as a coisotropic submanifold 
(with the pull-back Dirac structure) in a Poisson manifold, iff the null distribution is 
regular [5l Section 8 ]. This can be used, for instance, to reduce the quantization problem 
of the Poisson algebra of admissible functions on a Dirac manifold to the quantization 
problem of the Poisson algebra of basic functions on a coisotropic submanifold [1] . It 
is natural to ask: can one unify the above mentioned coisotropic embedding theorems in 
contact and Dirac geometry, proving an analogous result for Dirac-Jacobi bundles? In 
this section we show that the answer is affirmative (see Theorem I9.2p . 

Let (L, J) be a Jacobi bundle. As already remarked, the Jacobi bracket J can be 
regarded as a morphism J : A^J^L —)■ L and dehnes a morphism J'^ : J^L —)• JiL®L = 
DL, HA J('0, —). Recall that a submanifold S' C M is called coisotropic (wrt (L, J)) 
if X\ := (a o J**)(A) is tangent to S' for all sections A of L such that AI 5 = 0. More 
information about coisotropic submanifolds in Jacobi geometry may be found, e.g., in 

12a. 

Let (L 5 , £) be a Dirac-Jacobi bundle over a manifold S'. 

Definition 9.1. A coisotropic embedding of {Ls,S?) in a Jacobi bundle {L,J) over a 
manifold M is an embedding t : Ls ^ L over an embedding l:S^ M, such that 

( 1 ) the image of i is a coisotropic submanifold of M, and 

(2) £ = Q3i(ilj), i.e. L : (L 5 , £) —)■ (L, £j) is a backward Dirac-Jacobi map. 

Theorem 9.2. Dirac-Jacobi bundle (L 5 , £) can be embedded coisotropically (i.e. there is 
a coisotropic embedding) into a Jacobi bundle iff the null der-distribution E^, = 2,PiDLs 
is regular. 
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Proof. The proof parallels the proof of the analogous proposition for Dirac manifolds 
[5l Theorem 8.1], Let (L 5 , £) be a Dirac-Jacobi bundle over S, and let t : L 5 —)■ L be 
a coisostropic embedding into a Jacobi-bundle (L, J) (over an embedding i : S' —)■ M). 
In the following, we use l to regard S as a submanifold in M and identify Ls with Ll^. 
The rank of = £ fl DLs is an upper semi-continuous function on S. On another 
hand it is also lower semi-continuous. Indeed, 

£ = = {(A, : (A, V') e £j} 

= e {J^L)\s and G DLs}. 

Since S is coisotropic, it follows that 

Es. = ■ V' G ker 

But ker = N*S <8 L 5 is a vector bundle (see Example 18.7|) . So, ® Ls) 

is a smooth distribution. Hence it is regular. 

Conversely, let be a regular distribution in DLs- Restricting to connected com¬ 
ponents of S, if necessary, we can assume that is a vector bundle. We want to show 
that there is a Jacobi bundle on a neighborhood of the zero section 0 of the vector 
bundle tt : := 0 L 5 —)■ S' such that 0 : S' —>■ is a coisotropic embedding. 

Pick a complement G of in DLs, be- DLs = G(BEs^. Equip E^, with the pull-back 
line bundle L := 7i*Ls, and dehne a maximal isotropic subbundle £g C DL, depending 
on G, as follows. Abusing the notation, we denote again by tt : L = 'n'*Ls —)■ Ls 
the projection. Thus, take the backward image 537 r(' 2 ) C DL. The clean intersection 
condition is automatically satished. Hence iB,r('2) is a Dirac-Jacobi structure on L. 

There is a canonical 1-cochain ©c in (f2*,(j£)). The value of ©g at e E E], is the 
composition: 

(9.1) D,L ^ D,Ls -- (Es). — (Ls), , 

where x = 7 r{e) and the second arrow is the projection with kernel G^- Take the 
differential uq ■= —d^Qc- There is an alternative description of ujc- Namely, splitting 
DLs = G ® Es. induces a splitting J^Ls = {G* 0 Ls) © E\^, whence an embedding 
J^Ls of vector bundles. Recall that J^Ls is equipped with a canonical contact 
form 6 taking values in the pull-back line bundle J^Ls Xs Ls (see, e.g., |25l Example 
5.5]). Consider the 2-cocycle uji^s •= —dnid o cr). It is easy to see that uq coincides 
with the pull-back of ujjiss along the embedding L J^Ls Xs Ls over embedding 
El -A J^Ls. 

Next, use ujg to “gauge transform” iB^(£) and get a Dirac structure (see Example 

MM- 

:= r^a^A^) = {{A, + 1^000) : (A,V’) G ®.(£)}. 

We claim that £g is the Dirac-Jacobi structure corresponding to a Jacobi bracket on 
r(L), at least around the (image of the) zero section 0 of vr. To prove the claim, it 
suffices to show that characteristic leaves of £g are either genuinely contact or genuinely 
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Ics around 0. Thus, describe the characteristic foliation of 2,g- It is easy to see that 
= pr^ilc = 7r“^X£. It immediately follows that all characteristic leaves of £,g are of 
the form O := n~^{0) where (9 is a characteristic leaf of £, and, for every characteristic 
leaf O of £, 

-r I _ -i/'-r I \ ^ precontact 

Xficla - j vr-Him if O is Icps 

(here, when O is Icps, is the connection in Ls\o)- In particular, O is precontact 
(resp. Icps) iff O is such. Compute the 2-cocycle uq. First, let O be precontact. A 
direct check shows that, in this case, 

(9.2) UJq = TI*!jJq i*UJG, 

where l : L\q ^ L is the inclusion. Now, we show that uq is non-degenerate around 
the image of the zero section 0 : (9 —)■ (9, which, abusing the notation, we denote again 
by 0. It suffices to show that the point-wise restriction ujq\q is non-degenerate. Recall 
that the exact sequence 

0 ^ (kerd7r)|o ^ T(5|o A TO 0 

splits via inclusion dO : TO —)■ TO\o. Moreover, since O = —)■ O is a vector 

bundle, then (ker d7r)|o — O. Summarizing, there is a direct sum decomposition TO|o = 
TO © O. Denote by pQ : TO|o —)■ O the projection with kernel TO. 

Similarly, the exact sequence 

0 (kerdz)7r)|o ^ D{L\q)\o ^ D{Ls\o) 0 

splits via inclusion doO : D{Ls\o) D{L\^)\o. Moreover, composition a o pQ ■. 
(ker (i£)7r)|o —>■ O is an isomorphism. Hence there is a direct sum decomposition 
D(L|a)lo = D(Ls\o) © O. Accordingly, a section e oi O identihes with the unique 
differential operator : L\q —)■ L\q such that D^A = 0 for all hber-wise constant 
sections A G r(T|g), and D^e = (e, e) = 0 for all hber-wise linear sections e G r(T|g) (a 
hber-wise linear section of T is a section of the form ^ /©A where the /’s are hber-wise 
linear function on O and the A’s are hber-wise constant sections of T|g, i.e. pull-back 
sections 7r*Ao, with Aq G r(L 5 |c)) - in particular, hber-wise linear sections of L\q identify 
with sections of Es\q). Now, notice that Es\o C D{Ls\o) and D{Ls\o) = Go ® Es^\q 
where Go = 6*1"! D{Ls\o) {Go dihers from G\o in general, because sections of G are 
diherential operator r(T 5 ') —)■ T{Ls) but, in general, not all of them are tangent to O). 
Summarizing, there is a direct sum decomposition iA(T|^)|o = Go © © O. 

From fl9.2l) . ujq\q = (7r*a;c»)|o + (i*taG)|o- Compute the hrst summand {'k*ujo)\o- Since 
O is the kernel of vr* : D{L\q)\q — D{Ls\o)) and, from fl7.ll) . E^\o = kercuo, then 
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(7r*a;o)|o is given by matrix 



Go 

Es\o 

o 

Go 

^o\go 

0 

0 

Es.\o 

0 

0 

0 

d 

0 

0 

0 


where ujo\go non-degenerate. Now, compute the second summand (t*a;G)|o- From 
flQ.ip . ©G vanishes on 0. Hence, for all A, □ G D{L\q), 

(Fa;G)|o(A|o, Dio) = A|o(0G(n)) - □|o(0g(A)). 

Let A|o G r(G). Clearly, A can be chosen in such a way that {pe o dDTi)A = 0 
so that 0 g(A) = 0 (here pe ■ D{Ls\o) —t Es,\q is the projection with kernel Go)- 
Since A|o is tangent to 0 , we also have A|o(0G(n)) = ^|o(0G(n)|o) = 0. Hence 
(<-*i^g)|o(A|o, nio) = 0 whenever A|o G r(G). Similarly, (r*a;G)|o(^|o, n|o) = 0 when 
both A|o,n|o ^ F(i?£|G) or A|o,n|o ^ r(C>). Finally, let A|o = g G F(C>) and Dio = 
e G F(F^£|g). In particular, □ is tangent to 0 so that □|o(0g(^)) = n|o(0G(^)|o) = 0. 
Choose □ such that {pe° dD'n')A = e and A = Dg. With these choices, it is easy to see 
that A|o(0G(n)) = We conclude that (r*a;G)|o is given by matrix 



Go 

Es\o 

o 


0 

0 

0 

Ez\o 

0 

0 


d 

0 


0 


where : O ^ Ei^\o —)■ Ls\o is the duality pairing (twisted by Ls\o)- Hence uj^\o 

is given by non-degenerate matrix 



Go 

Es\o 

o 

Go 

^o\go 

0 

0 

Es\o 

0 

0 


d 

0 


0 


So, locally around 0, characteristic leaf O is actually a contact leaf. 

Now, let O be Icps. A direct computation shows that = a*UQ with 

hla = + (V^)*Ca;G, 

where the second summand is dehned by {'V‘^)*l*ug{X,Y) := a;G(V®,Vy), for all 
A, H G TO. Similarly as above, we want to show that is non-degenerate around 
the image 0 of the zero section oi O ^ O and, to do this, it suffices to prove that 
is non-degenerate. First of all, notice that the symbol a : DLs TS establishes an 
isomorphism between E^lo and ^\o '■= kerwo whose inverse isomorphism is given by 
connection In particular, E(i\q is a vector subbundle of TO, and there is a direct 
sum decomposition TO = G_o © ^|g, where G_o := <j{G fl D{L\q)) = cr(G') fl TO. 
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Hence there is a direct sum decomposition TO\o = G_q ® E_s\o © O. Similarly as in the 
contact case, one proves that is given by non-degenerate matrix 



G_o 

E_s.\o 

G 

Go 

A.o\go 

0 

0 

Ejf\o 

0 

0 


G 

0 


0 


where (—, — ) : O ® Ej^\o —t Ls\o is the duality pairing. Details are left to the reader. 
So, locally around 0, characteristic leaf O is a Ics leaf. 

It remains to prove that the zero section of E], is a coisotropic embedding of S. This 
immediately follows from [2^ Corollary 3.3.(3)] and the fact that 0 H O = O for every 
characteristic leaf O of {Ls, S,). □ 

Construction in the proof of Theorem 19.21 depends, a priori, on the choice of comple¬ 
mentary vector bundle G. However, two different choices of G determine isomorphic 
Jacobi bundles, at least around the zero section of E]., as shown by the following 

Proposition 9.3. Let be a Dirac-Jacobi bundle over a manifold S, such that 

Est is a vector bundle and let Go, Gi C DLs be complementary vector subbundles, 
i.e. E ® Go = E ® Gi = DLs- Finally, let {L := 7i*Ls,Jo) (resp. {L := t:*Ls,Ji)) 
be the Jacobi structure determined by Gq (resp., Gi) on a neighborhood of the (image 
of the) zero section 0 of n : E], ^ S as in the proof of Theorem \9.J\ Then there is a 
Jacobi isomorphism $ : (L, Jo) —)■ (T, Ji) locally defined around 0, such that $ o 0 = 0. 

Proof. The proof parallels the proof of 0 Proposition 8.2]. We use the same notations 
as in the proof of Theorem 19.21 Let Gq, Gi be as in the statement, and let H : Gq — )■ E^, 
be the vector bundle morphism whose graph is Gi C Gq © = DLs. Let Gt be the 

graph of the vector bundle morphism : Go —t t G [0,1]. The GJs interpolate 

between Go and Gi. Clearly, DLs = Gt ® E for all t. Hence every G* determines a 
Dirac-Jacobi structure 2t on L. Moreover, 2t corresponds to a Jacobi bundle {L,Jt), 
at least around 0. We claim that the time-1 flow $ of the (time dependent) derivation 

hxes 0 and maps Jq to Ji. Since ©g* vanishes on 0 for all Ps, so does At, hence 
<h o 0 = 0 (in particular, $ is well dehned around 0). Finally, notice that the Jfs share 
the same characteristic foliation {O : G is a characteristic leaf of D^}. In particular 
At is tangent to O for all O. Denote by cj^(t) the 2-cochain on O induced by Af If G 
is precontact then LJ^(t) is non degenerate around 0 and 

u^it) = U^(0) + F(uGt -CJGo)- 
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It follows from the contact version of the Moser lemma that <I) maps a;g(0) to 
Similarly in the Icps case. Details are left to the reader. So <I> maps the contact/lcs 
foliation of Jo to the contact/lcs foliation of Ji, hence it maps Jo to Ji. □ 

Any Jacobi bundle as the one constructed in the proof of Theorem 19.21 will be called 
a Jacobi thickening of (L 5 , £). The above proposition shows that the Jacobi thickening 
is unique up to isomorphisms. Hence every Dirac-Jacobi bundle (L 5 , 2) such that 
is a regular distribution, admits an essentially canonical coisotropic embedding. 

Remark 9.4. Let (L 5 , £) be a Dirac-Jacobi bundle such that is a regular distribu¬ 
tion, and let (L, J) be a Jacobi thickening. The proof of Theorem 19.21 shows that the 
contact/lcs characteristic leaves of (L, J) are Jacobi thickenings of the precontact/Icps 
characteristic leaves of (L^,!!). In the case when S has just one characteristic leaf, 
i.e. (Ls, £) corresponds to either a precontact or a Icps manifold, Jacobi thickening 
reproduces either the contact thickening of [25] or the Ics thickening of [21]. 

Example 9.5. Let be a line bundle over a smooth manifold S', and let V C DL 5 be 
an involutive vector subbundle. Vector bundle V inherits from DLs the Lie algebroid 
structure. Moreover, the inclusion V ^ DLs is a representation of the Lie algebroid 
V in the line bundle Ls- So V is an abstract Jacobi algebroid in the sense of [25]. In 
particular, there is a Jacobi bundle {L := MLs, J), with hberwise linear Jacobi bracket 
J, over the total space of the vector bundle ti : V* Ls ^ S (see [25] for details). Now, 
let £ = V 0 be the Dirac-Jacobi structure on Ls corresponding to V. Distribution 
= V is automatically regular, hence {Ls, 2) admits a Jacobi thickening. Namely, let 
G C DLs be a complementary vector subbundle, i.e. V®G = DLs- Then G determines 
a Jacobi bundle (L, Jq) on a neighborhood of the zero section 0 of vr : V* 0 L —)■ S', 
and 0 is a coisotropic embedding. We claim that Jq is in fact independent of G and 
coincides with J. In other words, we claim that, for every a, ft & r(V) and e G V*®Ls, 

(9.3) JG{jla,jllJ) = {e, [a,/3]), 

where, in the Ihs, we interpret a, ft as hber-wise linear sections of L (see the proof of 
Theorem 19.21 for a dehnition of hber-wise linear sections). 

In order to prove fl9.3p . recall that coq = 0 for every characteristic leaf O oiV ® V^. 
Now denote by i the restriction Ls\o- Assume that O is precontact. Then V\o = Di 
and V* ® L\o = J^i- As in the proof of Theorem 19.21 denote hy l ■. O ^ V* ® L 
the inclusion. By dehnition l*Qg agrees with the contact form on J^i, hence uq = 
71*uo + l*ujg = Gojg agrees with the canonical 2-cocycle on .J^i and Equation fl9.3|) holds 
for all s G O. On the other hand, if O is Icps, then V\o = imVs where Vs '■ TO ^ Di 
is a hat connection. Hence V* ® L|o identihes with T*0 ® i and L\q identihes with 
{T*0 ® i) Xo i- Similarly as in the precontact case, connection in L|g induced by 
£ agrees with the induced connection 7 r*Vs', and uq agrees with the canonical Ics form 
on T*0 0 i. Hence Equation (19.311 holds for e belonging to Ics leaves as well. 
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Example 9.6. Let {Ls, -C) be a Dirac-Jacobi bundle over a smooth manifold S. From 
Proposition 17.31 if the null distribution is regular, so is hence {Ls, -C) can 
be coisotropically embedded in a Jacobi bundle. So regularity of is sufficient for 
coisotropic embedding. However, it is not necessary as the following example shows. 
Let M = IR^ with standard coordinates x, y and L = IR^ so that DL = (TM © IRjvr) © 
{T*M © [Rm)- Moreover, let J G r(A^(J^L)* © L) = r(A^(TM © IRm)) be the Jacobi 
bracket on C°°{M) given by 


^ d d d ^ 
J = L ——h — A 1. 
oy ox ay 


It is easy to see that S' = {?/ = 0} is a coisotropic submanifold. Moreover, £j can 
be pulled-back to {Ls := L\s = IR 5 ) giving a Dirac-Jacobi structure £ C DL 5 = 
(TS'© IR 5 ) © {T*S © IR 5 ) generated by 


1 + X—, dx — X ■ 1. 
ox 

In particular, is spanned by 1 + x-^ and it is, as expected, a smooth rank one vector 
bundle. On the other hand, is spanned by x-^. So its rank is one everywhere except 
in X = 0 where it is zero. 


10. Integration of Dirac-Jacobi structures on line bundles 

A Lie algebroid is integrable if it is isomorphic to the Lie algebroid A{Q) of a Lie 
groupoid Q. An integration of a Lie algebroid A is a Lie groupoid Q together with an 
isomorphism A ~ A{Q). A geometric structure A on a Lie groupoid Q, which is com¬ 
patible with the groupoid structure in a suitable sense, usually determines a geometric 
structure on A{Q) which is compatible with the algebroid structure in a suitable sense, 
and is to be considered as the “inhnitesimal counterpart of A”. Conversely, let A be an 
integrable Lie algebroid, and let Q be an integration on A. Suppose that A is equipped 
with a geometric structure A, compatible with the algebroid structure. It is natural 
to wonder whether A is the infinitesimal counterpart of a suitable structure A on 
If this is the case, we say that (A, A) integrates to (^, A). There are many examples 
of positive answer to the above question. For instance, Poisson manifolds integrate, if 
at all integrable, to symplectic groupoids. More generally, Dirac manifolds integrate, if 
at all integrable, to presymplectic groupoids [2]. In [21] Iglesias and Wade show that 
£^^(M)-Dirac manifolds integrate to cooriented precontact groupoids. In this section 
we discuss the case of a generic Dirac-Jacobi bundle using the language of Spencer 
operators introduced by Crainic, Salazar and Struchiner in |12j . 

As already mentioned in the introduction, we assume the reader is familiar with 
(fundamentals of) the theory of Lie groupoids. Lie algebroids and their representations 
(see, e.g., and references therein). Here we will only recall some aspects of the 
theory. The unfamiliar reader will find a quick introduction to all other aspects relevant 
for this section in [33] (see Section 1.2 therein, see also Chapter 4). 
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Let ^ M be a Lie groupoid with source s, target t and unit u. We identify M 
with its image under u. Denote by Q 2 = {{ 91 , 92 ) & G x G ■ s(fi'i) = ^(fi' 2 )} the manifold 
of composable arrows and let m : G 2 ^ G, ( 5 'i,fi' 2 ) •—t 9192 be the multiplication. We 
denote by pr^,pr 2 : G 2 ^ G projections onto the hrst and second factor respectively. 

Recall that the Lie algebroid A{G) of G consists of tangent vectors to the source hbers 
at points of M. Every section a of A{G) corresponds to a unique right invariant, s- 
vertical vector held a'’ on G such that a = The Lie bracket in r( 74 (^)) is induced 

by the commutator of right invariant vector helds, and the anchor of A{G) —?• TM is 
given by p{a) = t^{a) = for all a G r(74(^)). Denote by Ga time-z how 

of a'’. 

Now let E —)• M be a vector bundle carrying a representation of G, i-e. a smooth 
map G Xs E ^ M, written { 9 ,e) ^ g ■ e satisfying the usual properties of an action. 
The inhnitesimal counterpart of a ^-action is a representation of A{G), i.e. a hat A{G)- 
connection V : A{G) ^ DE given by 


( 10 . 1 ) 


V«e 


d 

dz 


9{z)-^ 

2=0 


D(3(2)) 


where 2 ; 1 —)■ g{z) is any smooth curve in the s-hber through x, such that 5 '( 0 ) 
^(0) = a, for all a G A{G)x, and x G M. 


X and 


Proposition 10.1. There is a canonical flat kei ds-connection : herds —)■ Dt*E in 
the pull-back bundle t*E such that 


(10.2) V„ = f*(V®.|M) 

for all a G r(yl(^)). 


Proof. Let g:x^y&G,X& ker dgS, and let 2 : 1 —)■ g{z) be a smooth curve in s ^(a:) 
such that ( 7 ( 0 ) = g, and ^(0) = X. Dehne G Dgt*E as follows. For s G T{t*E) put 


(10.3) 




jL 

dz 


9 -9{z) ■s{g{z)). 


2=0 


It is straightforward to check that V® is a well-dehned ker ds-connection in t*E. More¬ 
over V^yj = [V^, Vy] for all right invariant vector helds X,Y. Since right invariant 

vector helds generate r(ker ds), it follows that V® is a hat connection. Finally, Equation 
(lin. 2 p immediately follows from (llO.dp and ( 110 . 11 ) . □ 


A t*F-valued diherential form a; on ^ is multiplicative if [12] 

{'f^*^){9im) = wlOg^ + gi ■ (pr^dgj, 

for all {gi,g 2 ) £ ^ 2 - Various geometric structures on Lie groupoids are encoded by 
multiplicative forms (with generically non-trivial coefficients). Standard examples are 
provided by presymplectic groupoids, contact groupoids and multiplicative foliations of 
groupoids. Crainic, Salazar and Struchiner realized that the inhnitesimal counterparts 
of vector bundle valued multiplicative forms are what they call Spencer operators na. 
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Let A ^ M he a. Lie algebroid, with anchor p : A ^ TM, and Lie bracket 
] : r(y4) X r(A) —)■ r(y4). Moreover, lei E ^ M he a vector bundle carrying 
a representation V of A. Crainic, Salazar, and Struchiner dehne L^-valued fc-Spencer 
operators on A, for all positive integers k. I’m only interested in the case k = 1. 

Definition 10.2. An L^-valued 1-Spencer operator on A is a pair ('P,/), where 

V : r(A) —^ 9}{M,E) 

is a first order differential operator, and 

l:A^E 


is a vector bundle morphism such that 

(10.4) V{fa) = fV{a) + df®Ka), 

and, moreover, 

(10.5) V([a,l}]) = C^J}(p)-C^,V(a) 

( 10 . 6 ) H[a,P]) ^ V 

for all a,l3 G r(A), and / G C°°{M). 


Formula fllO.Sp contains the Lie derivative of an E-valued form u on M along a 
derivation A G DerF' (in the case of Formula fllO.Sp . A = Vq for some a G F(A)) 
which can be defined by 

k 

..., Afc) = A(a;(Ai,..., Xu)) - 5^a;(Ai,..., [a(A), X,],..., X^), 

i=l 


for uj G E), Xi,..., Xu G X{M). In particular, if the flow of A is {4*^} then 


Cauj = — 
dz 




z=0 


(10.7) 
where 

i^*z‘^)xiXi, . . . , Xu) = ^z\e], • • • ’ 5 

for all X G M, and Xi,..., Xu G T^M. 


Example 10.3. Let E —)■ M be a vector bundle. Exact sequence 

0 —^ fl^(M, E) ^ V{J^E) ^ F(E) 0 

splits via the first order differential operator ; F(J^E) —)• Q}{M^E) well-defined 

by (see also [I2l Example 2.8]) 

More precisely o 7 = — id. Notice that 

( 10 . 8 ) D“‘“(/V.) = + <1/ 0 vIeW, 
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for all / G C°°{M) and 'ifj ^ T{J^E). Hence pr^) is an i?-valned 1-Spencer 

operator on the Lie algebroid J^E with trivial bracket and anchor. Following Crainic, 
Salazar and Strnchiner, we call the classical Spencer operator. 

Theorem 10.4 (Crainic, Salazar, and Strnchiner [12]) • Let E ^ M be a vector bundle 
carrying a representation of a Lie groupoid Q ^ M, with source s, target t, and unit 
u, and let A be the Lie algebroid of Q. Then any multiplicative form 6 G VT{Q,t*E) 
induces an E-valued 1-Spencer operator (V, 1) on A, given by 

V(a) = 

a.' 

l{a) = u*{iar6) 

If, additionally, Q is s-simply connected, then the above construction establishes a one- 
to-one correspondence between multiplicative E-valued 1-forms on Q and E-valued 1- 
Spencer operators on A. 

Remark 10 . 5 . It immediately follows from fllO.dp and fll0.7p that Formnlas (2.8) in 
[T2] are eqnivalent to the more compact fllU.91) . 

My next aim is to show that a Dirac-Jacobi bnndle is the same as a Lie algebroid 
eqnipped with a 1-Spencer operator of a certain kind. It will then follows from The¬ 
orem 110.41 that Dirac-Jacobi bnndles integrate, if at all integrable, to (non-necessarily 
coorientable) precontact gronpoids (see below). 

It is nsefni to revise slightly the definition of 1-Spencer operator, at least in the case 
when it takes valnes in a line bnndle. Thns, let H —)• M be a Lie algebroid. 

Proposition 10 . 6 . The following two sets of data are eguivalent (see also [121 Remark 

2 . 9 ];; 

(1) A line bundle L ^ M carrying a representation of A, and an L-valued 1-Spencer 
operator {V, 1) on A, 

(2) a vector bundle morphism (V, ^) : A —>■ DL © J^L = DL such that 

(10.9) cr o V = p 
and 

(10.10) (V, »)(|a, /3]) = [(V, »)(a), (V, »)(/?)]. 

Moreover, im(V, is automatically isotropic for every (V, as above. 

Proof. First let L —)■ M be a line bnndle carrying a representation V of A, and let {T>, 1) 
be an L-valned 1-Spencer operator on A. It follows from fllO.41) that map S’ : F(H) 
F(J^L), defined by S{a) := 'y{T>{a)) — is C'°°(M)-hnear. Hence it comes from 

a vector bnndle morphism also denoted by ^ H ^ J^L. Consider (V, S) : A ^ 
DL © J^L = DL. Eqnation fllO.91) is antomatically satisfied. Now, nsing 010.51) . 010.61) 
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and the fact that do o = do o do = 0, we get 

/^]) = f3]) - fd]) 

= liCyMfd) - Cy^Via)) - 

= - >Cv^7(^^(tt)) + dDip{^)V{a) 

= - C,sjp'^{V{a)) + doiyp'liTd^ia)) 

= '^Vc-^(/^) “ pdD'l{Td>{a)) 

= Cs/cd^ifd) — ivpdDS>{a), 
for all a,/5 G r(y4). Hence 

(Vk/5],^([«,/9])) = ([V„, V;3],/:v.^(/9) 

= [(V„,^(«)),(V;3,^(/5))1 
= [(V,^)(a),(V,^)(/?)l. 

Conversely, let (V, ^) : H —)■ DL be a vector bnndle morphism snch that fll0.9|) and 
fllO.lOp . Pnt, V := o and I := pr^^ o where pr^^ : —)■ L is the natnral 

projection and ; r(J^L) —)■ is the classical Spencer operator dehned 

in Example 110.31 Then fllO.dp follows from fllO.Sp , a o V = p follows from fllO.Op , and 
V[q,,/ 3 ] = [Vq,, V^], fllO.51) and fllO.61) follow from fllO.lOl) . Moreover, the construction of 
(V,!^,/) from (V, .^) clearly inverts the construction of (V,^) from (V,!^,/). 

Finally, compute 

(((V,^)(a), (V,^)(/3))) = - jH{a)) 

= ip(^a)'Id>{/3) - VJ{(3) + ip(^p)V{a) - V0l{a) 

= K[ld:(y\) + l{[a,l3]) 

= 0 , 

where we used fllO.Op . 

□ 

Corollary 10.7. Let A ^ M be a Lie algehroid with rankH = dimM + 1, let L ^ M 
he a line bundle carrying a representation of A, and let (T>,1) be an L-valued 1-Spencer 
operator on A such that the associated vector bundle morphism (V, S>) \ A ^ DL is 
an embedding, then (L,im(V, .^)) is a Dirac-Jacobi bundle. Conversely, let (L, £) he 
a Dirac-Jacobi bundle over M, and let i : D ^ DL be the inclusion, then {V : = 
oprji oi,l := prj;^ oprji of) is an L-valued 1-Spencer operator on the Lie algehroid 
£ ^ M. 

In other words, a Dirac-Jacobi bundle is essentially the same as a rank dimM-|- 1 Lie 
algehroid £ ^ M equipped with a 1-Spencer operator with values in a line bundle L 
such that the associated vector bundle morphism (V, DL is injective. 
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Proposition 10.8. Let Q ^ M be a Lie groupoid, with source s, target t, and unit u, 
A the Lie algebroid of Q, and let L ^ M be a line bundle carrying a representation of 
Q. Moreover, let 6 G LL{Q,t*L) be a multiplicative form, (-C, 0 the induced L-valued 
1-Spencer operator on A, and let (V, : A —)■ DL be the associated vector bundle 

morphism. Then (V, S>) is injective iff 

(10.11) {kei dot = 0 , 

where = kero;, andu is the 2-cocycle in dc) corresponding to 6 via Proposition 

ro 

Proof. It suffices to show that 

ker V n ker ^ fkei dot fl . 

More explicitly, 

(kerdijt = {a G kercis|M : = a;|M(V®,-) = 0}. 

First of all, from fll0.2p . kerV = dr)t\M)- We claim that ker ^ = 

To see this, let a G r( 74 ), and x G M. Denote o’’ ;= V^r. So, 

from (llO.Op . 

= 7(T>(a)x) - ilKa) 

= - jlu*{ic,r 9 ) 

( 10 . 12 ) =u*{^{Care)^-3%re). 

Now, put 0 = (j*0 = 6 * 0 (T G and notice that a *= £sr0. Hence, from fll0.12p . 
Oj; G ker Q) iff 

0 = lci{Ca-9)x - jlia-0, A) 

= *A - dois^Q) 

(^Q'’^d/) 0 ), 

= iAU* {is^dcQ ), 

for all A G D^L. We conclude that a^, G ker^ iff u* {ia^dnO))^ = 0. Now, recall that 6 
is multiplicative. It follows that 0 is multiplicative as well, i.e. 

(10.13) (m*0)(g,,g2) = Pri0gi + gi ■ (pr2092), 

for all {gi,g 2 ) £ ^ 2 , where m* is the pull-back of elements in along the regular 
line bundle morphism m*t*L t*L (similarly for pr^,pr 2 ). Since djy commutes with 
pull-backs, dciQ is also multiplicative. So, From Lemma 110.91 below, u* (i^r ^D^)x ~ 
{ia-^doQ)^. Hence G ker^ iff is^rOJx = 0, i.e. (VQr)^ G K^. This concludes the 
proof. □ 

Lemma 10.9. Let Q ^ M and L ^ M be as in the statement of Proposition \10.81 
Moreover, letQ G Llt*L multiplicative, i.e. 0 satisfies MO.lA) . Thenisr-Q = t*u*iarQ, 
for all a G F(H). 
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Proof. First of all, it is easy to check that, from right invariance of right invariance 
of a^' = V^r follows, i.e., for any g ■. x ^ y & Q, right translation Rg : s~^{y) —)■ 
maps a^\s-i(y) to cP\s-^{x)- III particular, 

a'-g = {Rg).al^g^, 

for all g & Q. Now, let 0 G Take Ai,..., G Dgt*L = Dt^g-^L. We can express 

a^g and Aj as (cf. [121 Proof of Lemma 4.2]) 

Q^g = {Rg)*{a].^g)) = Og) and A* = m*(f*(Ai), Aj), 

z = 1,..., /c. Hence, from multiplicativity, 

(ZSr0)g(Al, . . . , Afc) 

= Qg{ag, Ai,..., Afc) 

= 0g(m*(a[(g),Og),m*(t*(^i),^i), • • •, Aa,)) 

= ("i*0)(%),g)((a[(3), Og), (t*(Ai), Ai),..., (f*(Afc), Afc)) 

= (pri0%) + g ■ (pr203))((a[(g), O3), ^1), • • •, A^)) 

= (M*(zs-0))i(g)(t*(^l)> • • • 

= (pM*(z3^0)),(Ai,...,Afc). 

□ 


Definition 10.10. 

(1) A precontact groupoid is a triple (^, L, 6) where ^ M is a Lie groupoid such 
that dim^ = 2dimM + 1, L —)• M is a line bundle carrying a representation 
of Q, and 9 G Vt^{QR*L) is a multiplicative 1-form satisfying non-degeneracy 
condition fllO.llI) . 

(2) A Dirac-Jacobi Lie algebroid is a Lie algebroid A ^ M equipped with a Lie 
algebroid isomorphism A ~ £ onto a Dirac-Jacobi structure £ on a line bundle. 

Collecting the above results we get the following 


Theorem 10.11. Let Q ^ M be a Lie groupoid such that dim^ = 2dimM + 1, and 
let A be the Lie algebroid of Q. If Q is s-simply connected, construction in Theorem 


10.4 establishes a one-to-one correspondence between precontact groupoid structures on 


Q and Dirac-Jacobi Lie algebroid structures on A. 


Appendix A. Dirac-ization trick 

Jacobi bundles are equivalent to homogeneous Poisson manifolds of a special kind, 
namely principal [R^-bundles M ^ M equipped with a Poisson structure H on the 
total space M such that (n,£^) is a homogeneous Poisson structure, i.e. HfH = —H. 
Here 8 is the Euler vector field on M, i.e. the fundamental vector held corresponding 





DIRAC-JACOBI BUNDLES 


55 


to the canonical generator 1 in the Lie algebra IR of the structnre gronp Often, 
properties of Jacobi bnndles can be proved using their interpretation as homogeneous 
Poisson structures. This is the so called Poissonization trick exploited, for instance, 
by Crainic and Zhu in |T^ to study integrability of Jacobi brackets. At the same 
time, precontact manifolds can be understood as homogeneous presymplectic manifolds 
(of a special kind), i.e. principal [R^-bundles M ^ M equipped with a presymplectic 
structure lj on M such that LsUJ = ui (see, e.g., [35]). Actually, this last construction 
inspired the interpretation of precontact distributions presented in Section |3l 
Similarly, Dirac-Jacobi bundles can be understood as homogeneous Dirac manifolds. 
This was already proved by Iglesias-Ponte and Marrero for £^^(M)-Dirac structures, 
i.e. Dirac-Jacobi structures on trivial line bundles [201 Section 5]. In this appendix, we 
consider the general case. Namely, we dehne homogeneous Dirac manifolds and prove 
their equivalence with Dirac-Jacobi line bundles. Let us start with the remark that a 
line bundle L —)■ M can be understood as a principal [R^-bundle. Namely, take the slit 
dual bundle M := L* \ 0, where 0 is the (image of the) zero section of L. There is 
an obvious (hber-wise) action of [R^ on M which makes it a principal IR^-bundle over 
M. On the other hand, every principal [R^-bundle is of this form. Now, denote by 
TT : M —)■ M the projection, and by G X(M) the Euler-vector held on M. Sections of 
L identify with (degree one) homogeneous functions on M, i.e. those functions / such 
that S{f) = f. We denote by A the homogeneous function corresponding to section 
A G r(L). 

Proposition A.l. 

(1) There is an embedding of C°°{M)-modules l : DerL ^ X{M), A i—)■ A, with 

A uniguely determined by A(A) = A(A). Moreover [A, □] = [A, □] for all 
A, □ G Der L. 

(2) The image of l consists of degree zero homogeneous vector helds, i.e., vector 
fields X on M such that W] = 0. 

(3) Geometrically, there are canonical isomorphisms tt*DL ~ MJiL zriTM of vec¬ 
tor bundles over M, and embedding r{DL) r{n*DL) ~ r(TM) agrees with 

i. 

Proof. For point (1), it is enough to notice that a vector held on M is completely 
determined by its action on homogeneous functions. The same argument shows that 
every vector held in the image of l is homogeneous of degree zero. To see that every 
degree zero homogeneous vector held X is in the image of l, and complete the proof 
of point (2), notice that X preserves homogeneous functions. For point (3), dehne 
an isomorphism tt*.JiL ~ TM by mapping {v,F) G with n G L* \ 0, and 

P £ {Ji)xL, X G M, to the unique tangent vector X G TyM mapping a homogeneous 
function A to W(A) := F{X), where A G r(L). Last equality can be read from the 
right to the left to dehne the inverse isomorphism. Finally, dehne an isomorphism 
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'k*DL ~ 'k*JiL by mapping (u, A) G 'k*DL, with v as above, and A E D^L, to 
{v,v o A) E (Ji)xL. The last claim in the statement immediately follows from the 
definition of isomorphism 7r*DL ~ T M. □ 

Remark A. 2. According to the proof of Proposition lA.ll a tangent vector X E T^M 
identifies with point {v, A) E 7i*DL, where A(A) := A(A)r;*, and v* E is the unique 
point such that {v,v*) = 1. 

Proposition A.3. 

(1) There is an embedding of -modules A : T{J^L) ^ fj, with 

uniquely determined by'ip^A) = {A,'ip). Moreover, j^X = dX, for all X E T{L). 

(2) The image of A consists of degree one homogeneous 1-forms, he., 1-forms a 

on M such that = a. ^ 

(3) Geometrically, there are canonical isomorphisms ~ ~ T*M of 

vector bundles over M, and embedding r(J^L) ^ r(7r*J^L) ~ r(T*M) agrees 
with A. 


Proof. For point (1), it is enough to notice that a differential 1-form on M is completely 
determined by its contraction with degree zero homogeneous vector fields. In particular 


it follows from j^A(A) = (A,j^A) = A(A) = A(A) = {dX){A) that j^X = dX. The 
same argument shows that every differential 1-form in the image of A is homogeneous 
of degree one. To see that every degree one homogeneous differential 1-form a is in 
the image of A, and complete the proof of point (2), notice that a maps degree zero 
homogeneous vector fields to degree one homogeneous functions. Point (3) follows from 
Proposition lA.ll □ 


Put TM := TM © T*M. 


Theorem A.4. 

(1) There is an embedding of C°°{M)-modules l : r(DL) r(TM), {A,f)) i—)■ 

[A^fj). Moreover i intertwines the bi-linear pairing ((—,—)) : r(DL) xr(DL) 
r(L) and the symmetric bi-linear pairing '■ r(TM) x r(TM) 

C°°{M) in the sense that 

((t(a), t(/3)))^ = ((a, 13)), a,(3 E r(DL). 

Embedding l does also intertwine bracket , —] on r(DL) and Dorfman bracket 

on r(TM). 

(2) The image of l consists of pairs {X,a), where X is a degree zero homogeneous 
vector field and a is a degree one homogeneous differential 1-form. 

(3) Geometrically, there is a canonical isomorphism 7r*DL ~ TM of vector bundles 
over M. Embedding r(DL) r(7r*DL) ~ r(TM) agrees with l. 
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Proof. The statement immediately follows from Propositions lA.ll and IA.31 The only 
part deserving some more comments is that about Dorfman bracket in point (1). The 
latter follows from identity 

(A.l) = Ca'iP, 

for all A G DerL, and ip G r(J^L). In order to prove Equation flA.lj) it suffices to 
notice that embeddings r(L) and r(J^L) uniquely extend to 

an injective cochain map (kl* , d^) ^ (k2*(M), d), u ^ u such that 

a;(Ai,..., Afc) = Ci;(Ai,..., A^), 

for all Ai,..., Afc G Der L, and a; G □ 

Now, let L —)■ M and M be as above. Denote again by tt : M —>■ M the projection. 

Proposition A.5. Let {L, £) be a Dirac-Jacobi bundle over M. Subbundle 7r*£ C 
7r*DL ~ TM is a Dirac structure on M. 

Proof. It immediately follows from Theorem IA.4I and dimension counting. □ 

Definition A.6. Dirac structurej*il is called the Dirac-ization of Dirac-Jacobi struc¬ 
ture £. A Dirac structure on M is homogeneous if it is the Dirac-ization of some 
Dirac-Jacobi structure A on L. 


Remark A.7. When (L, £) is the Dirac-Jacobi bundle corresponding to a Jacobi bundle 
(L, { — ,—}) (resp. a precontact distribution C) on M, then its Dirac-ization £ = tt*2, 
corresponds to the Poissonization of (L, , —}) (resp. the presymplectization of C). 

Let (L, £) be a Dirac-Jacobi bundle over M, and let £ be its Dirac-ization. We 
conclude this section discussing the relationship between characteristic foliation of 
A and characteristic (presymplectic) foliation of £. First of all, notice that diagram 



commutes. It immediately follows that pr^A = 7r*pr£,A. In particular, TJh; = 
{dT){TiF^), hence leaves of projects onto leaves of under vr. More precisely, tt es¬ 
tablishes a surjection between leaves of and leaves of F^. If (P is a leaf of F^, and O is 
a leaf of F^ projecting onto O, then the tangent bundle TCP is 7r*(X£|o) C n*DL ~ TM. 
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Now, recall that, if O is Icps, then Xs^\o is actually the image of a flat connection 
in L\o. Consider the dual connection, also denoted by in L|J, and its restriction 
to M\o = = L\*q \ 0. The above discussion shows that O is (locally) the image 

of a V^-constant section of tt : M\o — )■ O. On the other hand, if O is precontact, then 
Xs,\o = D{L\o) and O coincides with M\o- In particular, 

dim O if is Icps 

dim 0 + 1 if (9 is precontact 


(A.2) 


dim O = 


Remark A. 8 . Identity flA.2p provides an alternative way to prove Corollary 16.41 
Namely, it is known that the parity of the dimensions of characteristic leaves of a Dirac 
manifold is locally constant (see, e.g., |l5l Corollary 3.3]). Together with flA.2j) this 
immediately implies Corollary 16.41 Additionally, it follows from flA.2p that, locally, the 
dimension of a Icps leaf and the dimension of a precontact leaf have different parities. 


We also have £ fl TM = 7r*(il fl DL). This shows that null distribution of £ 
projects to pointwise isomorphically. This can be also seen as follows. Let O be 
a leaf of and let (9 be a leaf of over O. Moreover, let G +L^{0) be the 
presymplectic structure on O induced by £. Clearly, is completely determined by 
its values on vector fields of the form A, with A a section of X^lo. Hence, if O is Icps, 
oJq is completely determined by 

= +?+) = (^) = 

where X,Y G X(C>), and -0 G r((J^L)|c)) is such that (V^,0) is a section of £|o. If O 
is precontact, is completely determined by 

a;o(A,n) = (D,-^) = (0,0) =a;o(A,n), 

where A, □ G DerL|c>, and 0 G T{{J^L)\o) is such that (A,0) is a section of £|c». In 
any case 

^o\q- 
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